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PEUEFACE TO THE FIFTH EDITION. 



In the present Edition the first three sections of 
Newton's Principia, together with the Chapters headed 
' Definitiones/ and ' Axiomata, .sive Leges Motils/ 
which form the Introduction, have been translated 
from the Latin edition of Le Sear and Jacquier, with 
omission of the Scholia at the end of these Chapters : 
notes have been added in small print in cases where 
the text seemed to require explanation. This part of 
the book is followed by an Appendix, consisting mainly 
of examples in illustration of the methods used in the 
Lemmas, and of three important propositions from the 
first book of the Principia, The ninth and eleventh 
sections are added with little alteration from the last 
edition of Evans. 

A collection of Examples is given at the end, for 
wbioh I am partly indebted to the kindness of Mr 
Hudson, Fellow of St John's College, partly to various 
K- University and College Examination Papers. 



VI 

In the course of preparing this Edition I have 
received many useful suggestions from friends^ and 
especially from Mr Besant, late Fellow of St John's 
College, which I am glad to take this opportunity oi 
gratefully acknowledging. 



P. T. MAIN. 



St John's Collbob, 
Augwt 29» 1871. 
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DEFINITIONS, 



DsF. 1. Quantity of mcUter is the measure qf it 
arising from its density and bztlk conjointly. 

Air, when its density is doubled, and it also occupies 
twice the space, is quadrupled in amount ; in thrice the 
apace is increased six-fold. The same is to be understood 
ithea snow or powders are condensed by compression or 
fiqae&ction. And the same rule applies to all bodies 
which are condensed in different manners by any causes 
whatever. 

ISo aocoimt is taken here of the medium, if there be one, 
which penetrates freely the interstices between the parts of 
bodies. 

This quantity of matter is, in what follows, sometimes 
ci^ed the body, or mass. It is known for each body by 
means of its weight ; for it has been found, by very accu- 
rate experiments with pendulums, to be proportional to 
the weight. 

Nate 1. It is found by experiments with pendulums that the 
time of oscillation at any given place depends on the length of 
the pendulum, but not on the nature or amount of the substance 
of which it is composed. 
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From this it is ioferred that the motion produced in a pe 
dulmn by the earth's attraction is produced equally on eve^ 
part of the matter of it, so that tiie whole motion produce 
(Def. 2) is proportional to the quantity of matter in it: and f^ 
any two pendulums of the same length, since each oscillates $ 
the same period, the whole motion produced in each is simpV 
proportional to the quantity of matter. 

This is also confirmed by experiments in tubes exhausted ot 
air, in which a feather, a lump of lead, of gold, or of any other 
substance, are aQ found to occupy equal times in falling through 
equal spaces. The motion produced by gravity in every part of 
each body being thus seen tp be the same, it follows that the 
whole quantity of motion which gravity produces or tends to 
produce in each — in other words, the weight— is proportional 
to the quantity of matter. 

Note 2. The quantity of matter, or mass, of a body, is 
denoted by the symbol M, 

Note 3. The density of a body may be defined as the quan- 
tity of matter it contains in a unit of volume. 

If this be represented by /), and the volume by F, we have 

M= Vp. 

Dbp. 2. The gtmntily of Motion of a "body U the 
Mecuure of it, arising from its velocity and the quantity^ 
of matter conjointly. 

The motion of the whole body is the sum of the motions 
of its several parts ; and therefore in double the body 
with an equal velocity there is double, and with double the 
velocity quadruple the quantity of motion. 

Note. Let M be the mass of a body, v its velocity, then Mv 
IB the motion of a body, i.e. the quantity of motion of the body. 

,. Dbp. 3. The innate force qf matter is its power of 
resisting, wher^ every body, so far as depends on 
itseUfy perseveres in its state, either qf rest, or of uni- 
form motion in a straight line. 
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This is «lway8 proportional to the body, and differs in 
no respect from the inertia of the mass, except in the 
manner of yiewing it To the inertia of matter is due tlie 
difficolty of disturbing bodies from their state of rest or 
motion ; on ivhich account the innate force may be called 
by the very suggestive name, force of inertia, 

. A body, however, only exerts this force when a chanf^o 
b made in its state by another force impressed on it ; 
and the exertion of it constitutes, from opposite points of 
view, both resistance and pressure : resistance, inasmuch 
aa the* body, in order to preserve its own state, opposes 
the impressed force ; pressure, inasmuch as the body trios, 
by yielding with difficulty to the force of an opposing ob- 
atade^to change the state of the obstacle. 

People in general attribute resistance to bodies at rest 
and pressure to bodies in motion ; but motion and rest, as 
ordinarily understood, are only distinguished one from 
another in appearance ; and bodies are not always really 
at rest which are popularly supposed to be at rest. 

Note, To produce a given change in the velocity of a body a 
force must be exerted on it which will be greater or less according 
to the mass of the body, and will in fact be proportional to the 
mass, BO that a body of twice the mass will require twice the 
ilntsa to produce the same change in the velocity. It is iu 
this sense that a body is said in this Definition to possess an 
innate power of resisting an attempt to move it, proportional to 
its mass. 

Pef. 4. An impressed force is an action exerted on 
a hodpf tending to change its state either of rest or qf 
uniform motion in a straight line. 

This force consists in the action only, and does not 
remain in the body after the action. For the body per- 
aereres in each new state by the force of inertia alone. 

An impressed force may arise in various ways, as from 
a blow, a presstire, a centripetal force. 



Note, In modem works on Mechanics it is customary to 
XBstrict the use of the word force to impressed forces only ; in 
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plnOB, therefore, o[ the expreaaion, ti 



Def. S. a eentripelal force w one By which bodi 
are drawn, impelled, or m any other way tend /rot 
ail parlt toteardt iome point a» a centre. 

Of thU kind ia gravity, by which bodies tend to th 
centra of the earth; tnagnetic force, by tviiich iron oj 
proacliBB a magnet ; and th:it force, whatever it maj bi 
by whicli the planets nre perpetually drawn away froi 
rectilinear motions, nnd forced to revolve in curves. 

A atone whirled in a sling tries to get away from the 
hand by which it ia whirled; and byita effort stretcliea " 
sling, and that the more powerfully the quicker it re* 
volves ; and aa soon as it is released, it fiies off. ThO' 
force, which opposes tliis effort, by which the sling per- 
petually drags the stone back towards the hand and r&>. 
tains it in its orbit, since it is directed to tLe hand 
the centre of its orbit, is called thu centripelal force. 

The aanie account applies to all bodies, which are 
made to inovo in an orbit. Tlioy all try to recede front 
tbe centres of tlicir orbits ; and nuloss thure ia some 
petal force, as it is called, opposing the effort to recede — 
by which tha bodies may be kept back and retained in their 
orbits — they will go off in straight lines with nnifomk 
motion. 

A projectile, if it were deprived of the force of gra- 
vity, would not bo duflectcd towards tlio earth, but g 
off into space in a straight line; and with uniform moUoi 
if tiie resistance of the air wore withdrawn. £y its _ 
vity it ia drawn awi^ from a rectilinear course, and pel 
petually turned towards the earth, and moro or loss a< 
cording to ita gravity and the velocity of its motion. Tbe 
less gravity it has for a given quantity of matter, or the 
greater the velocity with whicli it is projected, the less will 
it deviate from a rectilinear coarse, and the further it will 
go. If a ball of lead, shot from a cannon by tbe torce of 
gunpowder with a given velocity in a lioriaontal direction, 
went in a curve to a distance of two miles before falling 
to the ground ; with double the velocity it would go twice 
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u &r, and with ten times the velocity ten times as far ; 
provided the resistance of the air were removed. And by 
increaaing the velocity the distance to which it is shot 
may be increased at pleasure, and the curvature of the 
path it describes be diminished, so that it may fall at 
a distance of ten, or twenty, or ninety degrees ; or oven 
go all round the earth, or lastly go right away into space, 
and proceed for ever with the motion with which it went 
ofl* 

And for the same reason, that a projectile can be 
deflected by the force of gravity and go all round tlie 
earth, the moon may, either by the force of gravity, if it 
has weight, or by some other force urging it towards the 
earth, be sJways drawn from its rectilinear course earth- 
wards,- and deflected into its orbit; and without such a 
fixroe the moon cannot be retained in its orbit. This force, 
if it were less than the proper amount, would not suflli- 
deotly deflect the moon from its rectilinear course; if 
greater than the proper amount, it would deflect it more 
than enough and turn it out of its orbit earthwards. In 
fiust it is necessary that the force should be of the right 
amount ; and it is for mathematicians to find the force by 
which a body can be exactly retained in any given orbit 
whatever with a given velocity ; and conversely, to find 
the curvilinear path into which a body, moving from any 
given place with a ^ven velocity, would be deflected by a 
given force. 

The quantity of this centripetal force is of throe kinds, 
abfldnte, accelerative, and motivo. 

Dkf. 6. The dbiolute quantity of a centripetal force 
ii a meofure of it which is greater or less according to 
ih$ ^jficacy of the cause which propagates it from the 
emJtre through the regions of space all round it, 

JEnst as magnetic force is greater in one magnet and 
leu in another, according to the mass of the magnet or tlie 
intenaity of its magnetism. 

Nde, Ihis absolute qaanlity of a centripetal force ansing from 
aay olHue, such as, for instance, the attraction of the earthy \& 
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ucroally measiired by the efficacy of the cause iat a unit of distan 
from the centre of the force, — in this case, the centre of t^ 
earth ; and it is measured by the acceleration (Def. 7) which 
is capable of producing at this distance. 

Thus, if /<i be the absolute quantity of a centripetal force, th^ 
force is such that at i^ unit of distance the acceleration produce, 
by it would be represented by ii. 

The absolute quantity of a centripetal force is, for brevity, 
called the absoluie force, 

Def. 7. The accelerative quantitf/ of a centripetal 
force is a measure of it proportional to the velocity which 
it generates in a given time. 

Just as the power of the same magnet is greater at 
a less distance, less at a greater. Or, as gravitating force 
is greater in valleys, lesa on the peaks of high mountains, 
and so (as it is proved to be) less the greater the distance 
from the earth ; but at equal distances the same on all 
sides, because it accelerates equally all falling bodies 
(heavy or light, great or small). 

Note 1. In treating of centripetal forces, where simply the 
force is spoken of in Kewton's Principia, the accelerative quantity 
of the force is meant, unless otherwise stated. 

The accelerative quantity of a centripetal force is usually 
called, for brevity, the accderatingy or accelerative force. 

If a body is moving in a straight line to or from a centre of 
force, and the force adds a velocity v in time ^, it produces aii 
accelerating effect equivalent to an addition (during the time t) 

V 

of a velocity •- each unit of time, on the average, 

A force which adds equal velocities in equal times is called a 
uniform^ or constant force. 

Thus - is the measure of an acceleratiog force when the f oro 
may be considered to remain constant during the time t. 

Note 2. ^f t be taken sufficiently small ~ may also be taken 

* 
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IP flia fiMaiufe of a Tarmble force, for a variable force may be 
iOMidflred constant duriDg a very small time, the variation of 
flw. liaco9 bearing a ratio to the force itself which is smaller the 
ftaHiiir the time is, and which becomes indefinitely small when 
tetimedoes, ' 

Henoe^ If v be the velocity generated in tone t, the aecelerat- 
ktg fiiroe is in all cases measured by the limit of , when t is 
Sfedefiniiely smalL 

13ie accelerating force is usually denoted by/; thus /= limit 

NoU 3. A force which acts to dimioish the velocity of a 
YtoAj moving in a straight line is called a retarding force, and is 
meMored, as to its retarding effect, by the velocity subtracted in 

V 

4 glveiL time ; thus a retarding force may be measured by - if 
it is constant, v being the velocity subtracted in time t ; and 
hy the limit Of - if it is variable. 

- . Nate 4t. Forces are compared as to their accelerating or 
fetaxding effect by comparing the velocity, v, added or subn 
taeted in equal indefinitely small intervals of time. 



JDsr. 8. The motive qtmntity of a centripetal force 
ti « measure cf it proportional to the motion which it 
gtmerates in a given time. 

Just as weight is greater in a greater mass, less in 
% lets mass ; and, in the same, is greater near the earth, 
less in remote space. 

This quantity is the body's entire centripetency or 
fiaiideiicy towards the centre of force, and (so to speak) its 
INfa^bt ; and it is always known by the force equal and Op^ 
pcme to it, by which the fall of the body may be prevented. 

These quantities of forces may for brevity be called 
n^foHve^ (icceierative, and absolute forces; and, for the sake 
nf distinctness, may be ascribed severally to the bodies 
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vliieh tend to tho centre, to the positions of the bodie 
and to the centre of forces : ao that, in fttct, the motir^ 
force ia ascribed to the body, as if it were the effort of th^ 
whole composed of tlie efforts of all its parts ; tho accola^ 
rative force to the position of tlie body, as if there wer^ 
diflined from tbe centre to all places around it Bcnic^ 
power efflcaciouB towards moving bodies which aro iq 
those places : and tho absotnte force to the ceiitro, as 
at this point there were situated sometliing which was t 
cause of motive forces being propagated through space 
all directions; whether that cause be s(Hne central bodf 
(just as a magnet is at the centre of magnetic force, M 
the earth at the centre of gravitating force] or any othej 
cause wliich ia not asc^tJiined. This ia simply a mathe 
matical cuncopLion ; the physical causes and seats of tlu 
forces are not here considered. 

The accelerative force ia, then, to the moti™ force m 
the velocity generated is to the motion. For the quuntii; 
of motion ariaoa from tho velocity and the qnnntity at 
matter conjointly, and the motive force from the ao* 
celerative force and the quantity of the same matter; 
for the sum of the actions of the accelerative force on 
the sererul particles of a buily is tlie motive force of ths 

Hence, at the snrfaco of tho earth, where tlie 
celerative gravity, or force of gravitation, is the same OB 
all bodice, the motive gravity, or weight, varies as tbv 
body ; but if we ascend into regions where the nccoterar* 
tive gravity is less, the weight will diminish equally, and 
will be always as the body and the accelerative gravity' 
conjointly. Thus in r^ona where the accelerative gravity 
is half as great, the weight of a body half «r a third u- 
great will be a fourth or a sixth as great. 

Moreover, wo may in the same sense speak of attrao- 
tieoB and impulses as accelerative and motive. But tbe 
words, attraction, impulse, tendency, of any body towards ■- 
centre may be used indifferently and promiacuoualy one 
for another ; these forces being here considered not in' 
a physical, but only in a mathematical sense. The reader 
should beware, in using words of this sort, of considering 
them as defining the kind or monuer uf tho action, or thuii' 
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|l||rfail canse or reason ; or of attriba^ng to the centres 
(vUdi are malheniatical points) forces in a real physical 
fpiM^ irliea it is said either that the centres attract, or 
ft«t ^ere are f<Hrces at the centres. 

iMi 1. By vicilcm k meant, in this definitioD, and else- 
the quautity of motion as defined in Def. 2. 

word body is used here in the sense of Def. 1. 

If if be the mass of a body, v the velocity generated in it by 
a Impw in time #, Mv is the measure of the motion prodaoed in 

It in time I ; and —r- is the measare of the average motive foroe 

teing the time <; or of the actual motive force> if t be taken 
lideftDitely smalL 

KTtfteS. Forces are compared with each other as to their 
motive effect by comparing the motion, or Mv, produced in equal 
kdflftaitely small intervals of time. 
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Law I. Eeery body perseveres in its state <if rest; 
or qf uniform motion in a straight line, except in so 
Jar as it is compelled to change that state by forces im- 
pressed on it. 

Projectiles persevere in their motions, except in so far 
as they are retarded by the resistance of the air, and 
driven downwards by the force of gravity. A hoop, whose 
parts continually draw each other from their rectilinear 
motions by cohesion, ceases to roll only in consequence 
of its motion being retarded by the air. But the larger 
bodies of planets and comets, whose motions, both pro- 
gressive and circular, take place in less resisting spaces, 
retain these motions longer. 

Law II. Change of motion is proportional to the 
moving force impressed, and takes place in the straight 
line in which that force is impressed. 

If a force produce any motion, twice the force will pro- 
duce twice the motion, thrice the force three times the 
motion, whether it has been impressed all at once, or by 
successive gradations. And this motion (since it must 
always take place in the same direction as the force which 
produces it) is — if the body was originally in motion — 
added to its original motion if that motion was in the same 
direction, subtracted from it if in the opposite ; or if in 
an inclined direction, is added to it in an inclined direction, 
and compounded with it, the position of the body being 
determined by the motion in each direction. 
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Law IIL An action is at ways opposed by an equal 
reaction; or, the mutual actions of two bxlies are ahcays 
equal and act in opposite directions. 

Whatever presses or pulls somctliing else, is pressed or 
polled by it in the same degree. If a man prcsz^cs a stone 
with his finger, his finger is also pressed by the stone. 1 f 
a horse draws a stone tied to a rope, the horse will be (so to 
Bpeak) drawn back equally towards the stone : for the ro))e 
iMBing stretched at both ends will by the same attempt to 
relax itself urge the horse towards the stone and the stone 
towards the horse ; and will impede the progress of one as 
much as it promotes the progress of the other. If a body 
impinge on another and by its force change the motion of 
the other in any way, the latter will in its tuni (on account 
of the equality of the mutual pressure) undergo the s<imo 
change of motion in a contrary direction. To these actions 
are equal the changes, not of velocities, but of motions ; 
that ia^ in bodies not hindered in their motions by other 
forces. For the changes of velocities, which also take 
place in the same direction, arc — since the motions are 
changed equally— reciprocally proportional to the bodies. 
Thin law holds also in Attractions. 

CoR. 1. By the combined action of two forces a body 
will describe the diagonal of a x><iraUelograni in the same 
time as the sides woidd be described by the body under the 
action c^f each force separately. 




If a body, by the action of the forco M only, inir 
pressed at A^ would move with uniform motion from A to 
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BintL given time, and, by the action of the force N on! 
impressed at the same point, would move from A to 
complete the parallelogram ^^Z>(7; then, by the action 
both forces, the body will move in the same time on tl^ 
diagonal from A to JD, 

For, since the force N acts in the direction of 
parallel to BD, this force, by Law II., will not alter th.^ 
velocity of approach to the line BD, due to the other force* 

Therefore the body will approach the line BD in the 
same time, whether the force N be impressed or not ; and 
thus, at the end of the given time, it will be found some-* 
where on the line BD. 

By the same reasoning, it will be found at the end of 
the same time to be somewhere on the line CD; and 
therefore it must necessarily be at the point D where these 
lines meet. 

And it will go firom ^ to 2> with imiform rectilinear 
motion, by Law I. 

Cor. 2. And hence follows at once tJie composition qf 
a force AD out of other forces AB and AC acting in 
different directions ; and conversely the resolution qf any 
force AD into two others AB and AC. 

Note 1. In other words the parallelogram of forces follows 
at once ^m Corollary 1. 

For by Law II. the change of motion of a body, or of the 
velocity of the body, is proportional to the moving force im- 
pressed. 

Now, by Cor. 1, the resultant of M and N impreBses on 
the body a velocity with which it would describe the straight 
line ^2> in the same time as the straight lines AB, AC would 
be described with the velocities impressed on the body by M 
and N, 

Therefore M, N and the resultant of these, being, by Law II. 
proportional to the velocities impressed by them severally, are 
proportional to AB, AC, and AD', and they act respectively in 
these directions, by Law II. 

And thus, it AB, AC he taken to represent the forces M and 
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if In Bui^iiiide and direction, AD will represeDt their resultant 
9ho in magnitade and direc;tion. 

As stated under Law II., it is immaterial in what manner the 
tooM if and Nwot; li they be measured, as that Law directs, 
fimplly by the change of motion (Def. 2) produced. 

N<dt 2, Force may be conceived to act in two ways ; ( i) im- 
poUfd^, that is by instantaneously generatiuga change of motion 
of tiie Ixxiy on which it acts : (i) continuously, that is, so as to 
a change of motion which shall be finite in any finite 
Imt indefinitely small in an indefinitely small time. 

A force which is supposed to act in the first way is called an 
force: and a force which is supposed to act in the 
•aooiid way is called h finite force. 

An impulsive force is measured, by Law- XL, by the change of 
nttlidti produced; a finite force by the change of motion pro- 
•dnoed in a given time (Def. 8). 

A finite force is said to be comtant, or uniform, if the motion 
pfodttoed in any given interval of time is always the same. Thus 
a ooitttant force produces in a given body always the same change 
«l Telomty in a given time. It is hence also called a uniformly 
•ooelMating force. A finite force is said to be variable^ when the 
aROtion produced in a given time is not always the same. Thus, 
the fiiroe of gravitation is variable, the variation depending on 
tbe distance of the attracted from the attracting body. 

Note 3. When force is constant, since equal changes of motion 
'we produced in equal intervals of time, the change of motion 
produced in any time is proportional to the time ; this is not the 
osse with variable forces. But in either oaHO the amount of 
Ibroe impressed in any given iim^ ia measured by the amount of 
IBOtion produced in that time. 

Forces are compared with one another by comparing the 
IDotlons generated in the same given time ; hence constant forces, 
rinoe they generate equal amounts of motion in equal times, 
am to one another in a ratio indejpendent of the time in which 
ikeif generafe their motions. 

Again, during any indefinitely small period (Def. 7, Note 2), 
ft ^HunMe force produces, in equal times, motions proportional to 
ihe times ; therefore the motions produced by any two variahU 
lOKpes in giren equal times are to one another ultimately in a ratio 
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independent of the. time in- which- the motions are generat^^ 
when the time is indefinitely diminished. 

If therefore forces whether uniform or variable be compared 
among one another by comparing the motions produced by them 
in equal times when those times are ind^nUely diminished^- their 
measures will be independent of the time in which they generate 
their motions. For this reason forces are always estimated by 
comparing the motions produced by them in equal indefinitely 
smMl intervals of time. 

Cor. 3. The qtmntity of motion, which is obtained hy 
taking the sum qf the motions which take place in the 
same direction, and the difference qfthe motions in oppo- 
site directions, is not changed by any action of bodies 
among one another, « 

For an action and its opposite reaction are equal, by 
Law III. ; and therefore by Law II. equal changes of motion 
are produced by them in opposite directions. Therefore, if 
the motion of two bodies take place in the same direction, 
whatever is added to the motion of the foremost, will be 
subtracted from the motion of the hindermost, so that the 
sum remains the same as before. And if the bodies 
meet there will be an equal loss of the motion of each, and 
therefore the difEerence of the motions taking place in 
opposite directions will remain the same. 

Cob. 4. The common centre of gravity of two or 
more bodies does not change its state of motion or rest 
through the muttud actions of the bodies ; and hence, in 
the absence of external actions or resistances, the common 
centre qf gravity either is at rest or moves uniformly 
in a straight line. 

Cob. 5. Bodies inclosed in a given space have the 
same motions relatively to one another, whether thM 
space be at rest, or be moving uniformly in a straight 
line without rotation. 

Cob. 6. If bodies are moving relatively to one anotlier 
in any manner, and are urged by equal accelerating 
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fireet in paraUet direettofis; theytcUl all continue to 
MiHW rdisUvdy to one another in the eame manner as if 
Ife^if were not acted on by those forces, 

[Tbe proofs of Cots. 4t, 5, and 6, together with the Lemma 
niiich they depend, are given in the Appendix.] 
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SECTION I. 



On the Method of Prime and Ultimate Ratios. 



Lemma L 

QuantitieB, and ratios qf quantities, which tend eoiu 
stantlp to equality during any finite time, and approach 
each other more nearly than /or any assignable differertcej 
become ultimately equal* . 

If not, let them become ultimately unequal, and let 
their ultimate difference be Z>. 

Therefore, they cannot approach each other more 
nearly than for the difference Z>; contrary to the hypo- 
thesis. 

Note 1. In this Lemma, the quantities, and the ratios ofquan* 
tUieSt are supposed to remain finite throughout. 

When, as in succeeding Lemmas, quantities are concerned 
ivhich become indefinitely small, or i^hich become indefinitely 
great, another set of quantities is taken which bear constant ration 
to the quantities with which we are concerned, and one at least 
of which remains finite. 

The ratios of the quantities inter se is then the same for each 
set; and to then ratloSf if they remain finite, the Lemma applies. 

Note 2. If the quantities tend constantly to equality during 
A time which is not finite, they will not necessarily become equal 
in any finite time. 



■l 
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Jlofe 9. ff'm^ht and o he quatUitia, vhiek at the end of a 
tme vanish ioffether, and the nUio of n to h he uUimatelif a 
rmih tfejnality, the ratio ofn+o to b+o shall he vltinuady a 

Tfvr^ take A, J9, and C always proportioDal to a, 6, and € 
napoedrelyy and each that A is ultimately finite ; 

tlien, ultimately, A=£; 

iheretore, ultimately, A + C=£-\- C ; 

therefore^ ultimately^ the ratio of ^ + C7 to JS+ C is one of 
eq^nallty. 

a h e 
"Bni, by hypothesis, ^ == o ~ TV »l^»y* i «"! each of these f rac- 

lioBS IS equal to j^r^ and «t^; therefore 

a+e __ h+e 

aTc^b+o'* 

mttA a+cA-^C ^ 

•^ h+c^B+C* 

•ad tliia bong true always, is true ultimately ; therefore the ratio 
flf a+e to 5+ c is ultimately a ratio of equality. 

^P» ultimate value of a quantity or a ratio is called its KmU; 
tins Hmit of a+x (when x vanishes) is a ; this word is sometimes 
abbmTJftted into It,, thus, 

lt.^(when«=0)«l, 

Ifcte 4. The ultimate value of the ratio of two quantities is 
often ealled the limiting ratio ; as we shall frequently have ooca- 
liiMi to qpeak of limiting ratios, we shall allude to them by the 

nxia, in the previous note, it is proved that, if the limiting 
titio of « to 6 is one of equality, the limiting ratio of a+c to 
f •f e !■ one of equality ; or, if l.b. of a to 5 is one of equality, 
jfbfta, KB. of a+c to 6+c is one of equality. 

A|pdn, a ratio of equality will for brevity be often designated 
RVply by 1. 

Xhm^ if LJft. of a to 6 is 1, then also l.b. ofa+ctoi+cisl. 

jVbCe 5. Two qui^ntities are said to be eqwd when their di£« 
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ference ▼anisbes/ and to be ultimatdy tqtud wben t&eii^ differ- 
ieiioe ultimately vanishes. 

Tbe ratio to one anotber of two eqnal quantities is a ratio of 
equality.. 

But the limiting ratio of two quantities which are ultimately 
equal is not necessarily a ratio of equality; for the quantities 
themselves may vanish, and their ultimate ratio may then be any 
whatever. 

The student is therefore advised, in any reasoning in which 
vanishing quantities are concerned, not to say merely that two 
quantities are ultimately equal when he means that their ratio 
becomes a ratio of equality. If this distinction be not borne in 
mind, he will be apt sometimes to draw, from the fact that two 
quantities are ultimately equal, the inference that their ratio is 
one of equality, where such inference is not warranted. 

In Note 8, we proved that ultimately 

A + C=JB+C, 

and we inferred that ultimately the ratio of A + to B+C U a 
ratio of equality ; this is correct, because their difference vanishes, 
but they themselves do not. We were not able to infer from the 
fact that a+c is equal to h+e, that the ratio of a+e to b+e is 
one of equality, b^use both these quantities vanish. 

In fact, we can infer, from two quantities being ultimately 
equal, that their limiting ratio is one of equality, only when the 
quantities do not vanish. 



CM 



Lemma II. 



if in any figure AacE hounded by the straight lines 
Aa, AE, and the curve acE, there be inscribed any number 
of parallelograms Ab, Be, Gd, .,, on equal bases AB, 
BC, CD, &C., and with sides Bb, Co, Dd, ... parallel to 
the side Aa of the figure; and the parcUlelograms aKbl, 
bLcm, cMdn, ... be completed: then, if the breadth qf 
these parallelograms be diminished and their number 
increased indefinitely, t?ie ultimate ratios which the 
inscribed figure AKbLcMdD, the circumscribed figure 
AalbmcndeE, and the curvilinear figure AabcdE hear 
to one another are ratios of equality. 



^or the difference of tbe inscribed and circumscribed 
flgniw ii ttke mm of the parallelograms £1, Mm, Nn, Do; 
irideh is (since all the bases are equal) Ute rectangle con- 




Wked byMie base JTb and tiiennnofallthealtitndee^a,' 
UL tbe parallelogram ABla. 

Bnt Uiis paraUelogram, when its breadth is diminished 
~ ' " ily, becomes less than any assignable qosjitity. 
arefore bj Lemma I., tbe inscribed and circomscribed 
I, and d, fortiori the cnrrilinear figure nhich is in- 
e between them, are equal. q.e.i>. 



Leuca III. 

Th» tama ultimate raliot are alto ratiot nf eqwdity, 
•Am the breadtA* AB, BO, CD... <tf the paralldogramt 
tn lauqual, and are all diminished indefinitely. 

For let .^^be equal to ttie greatest breadth, and let 
ttc panDelogTMii FAaf be completed. 




nda will be greater than the difference between the, 
d and circamscribed figures; but when its bK«dSh, 
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AF is diminished indefinitely, it will become less than anj 
assignable rectangle. q.e.d. 

OoR. 1. Hence the ultimate sum of the ranishing 
parallelograms coincides in all respects with the curvilinear 
figure. 

OoB. 2. And d fortiori the rectilinear figure, bounded 
by the chords of the evanescent arcs db^ be, cd.,,, coincides 
ultimately with the curvilinear figure. 

Cob. 3. As also does the curcumscribed rectilinear 
figure, bounded by the tangents to the same arcs. 

Cob. 4. And consequently these ultimate figures (in 
respect of their perimeters <tcE) are not rectilinear li^ 
curvilinear limits of rectilinear figures. 

Note, By this is meant that the curTilinear perimeter of my 
curvilinear figure is identical with the limit of a rectilinear pen* 
meter of a polygon; consisting either of an infinite numb^ of 
sides which coincide ultimately with consecutive chords of ia^ 
definitely small arcs of the curve into which the polygon degoat* 
rates, or, which is the same thing when the limit is reaohed* of 
tangents to consecutive points of the curve ; so that any propo- 
sition regarding the perimeter of. such a polygon is true of tin 
curve which is its limit. 

This corollary gives implicitly a means of measuring an axo of 
a curve hi terms of an indefinite number of indefinitely amaiff 
straight lines, which may be either the series of oonseoiiftlvt 
chords or of consecutive tangents. It is tacitiy assumed thai 
these two measures would be ultimately the same. This ji 
easily proved by Newton's )nethod.(vK^ Appendix^ Lemma YH.). 



Lemma IV, 

If in ths two figures AacE, PprT there be tnser&ei 
two series of parallelograms, and there be the ^mm 
number in each series, and if when the breadths are ish 
definitely diminished the ultimate ratios cf the paraUd^ 
grams in the one figure to the parallelograms in the oiktr 
are the same, each to each; the two figures AacS, TjgA 
are to each other in that ratio. 
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' Thfft as tlie paraUelograms are to each other, each to 
oach^ im (rrfnjrfTffnffr) ia the sum of all in one figure to the 
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of an in the other, and so therefore the onie figore to 
flbS oCher; the former figore being to the former sum, and 
iBbB latter figure to the latter sum (by Lemma IllOy in a 
imtio of equality* q.b.d» 

Cktt. Hence if two quantities of any kind whateyer be 
jMdad in any manner into the same number of parts ; and 
Ihose parts, when their number is increased and their size 
diUiiished indefinitely, have a given ratio to each other, 
ttia first part to the fii^ the second to the second, and the 
to the rest in their order, the whole shall be to each 
in the same ratio. For i^ in the figures of this 
the parallelograms be taken to each other in the 
iradoB as the parts, the sums of the parts will be to each 
always as the sums of the parallelograms ; and there- 
fca i ^ ' w hen the number of the parts and parallelograms is 
iBfnreased and their magnitude diminished indefinitely,— in 
4m iiltlniate ratio ^ parallelogram to parallelogram, Le, (by 
lypoibesis) in the ultimate ratio of part to part 

JTcMff. The proof of this Lemma requires to be amplified ; for it 
MUlBiiis that for the purposes of the proof each parallelogram in 
m0 figore bears to the corresponding parallelogram in the other 
te flsmti ratio, whereas this is not supposed to be true till the limit 
im been reached. We may, however, say that the sum of the 
fSnOdograms in the first figure, bears a less ratio to that in the 
stiber than it would if each parallelogram of the first figure were 
Iseacii {laraUelogram in the second in the greatest of the ratios of 



22 Newton's Prtncvpia. 

the corresponding parallelograms, and a less ratio than if each, 
parallelogram were to each in the least oC these ratios ; and thus, 
since these greatest and least ratios are both, by hypothesis, 
ultimately the same, we infer that the sum of one set of parallelo- 
grams is ultimately to the sum of the other set in that ratio. 



Lemma Y. 



The homologous sides, both curvilinear and rectilinear, 
of similar figures are proportionals; and their areas are 
in the duplicate ratio qf the tides. 

By Euclid YL Def. 1, similar rtotilinear 6guret have their 
homologous sides proportional. 

' Hence, companendOf the sum of any number of sides of one 
figure has the same ratio to the sum of the corresponding sides of 
the other that any side of one has to the corresponding side of 
the other. Again (Euclid YI. 20), the areas are in the dupli- 
cate ratio of the sides. 

Now let the number of the sides be increased and their 
lengths diminished indefinitely ; then the sum of the sides in each 
figure becomes (Lemma III. Cor. 4) the arc which is their curTi- 
linear limit, the areas become curvilinear areas, and the similar 
rectilinear figures similar curvilinear figures. 



Note 1. No proof of this Lemma is given by Newton, the 
truth of it i^pearing at once from Lemma III. Cor. 4, and 
Euclid VI. 20, as in<]Ucated above. 

^dte 2. All lines which are proportional in similar rectilinear 
figureaare proportional in the similar curvilinear figures whidi 
are their limits. And it appears, from Euclid VI. 20, that lines 
joining corresponding pairs of points in two similar rectilinear 
figures are all proportional to each other; this is thereforralso 
true of similar cur?ilinear figures. 
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Lemma YI. 

If any are given in position he subtended by a chord 
AD, and be touched at a point A in the midst qf con- 
tinuous curtfature by a straight line AD produced in 
eithmr direction; then, if the points A, B move up to each 
other and JinaUy coincide, the angle BAD between the 
chord and the tangent shall diminish indefinitely and 
ultimately vanish, 

'For if that angle does not vanish the arc ACB will 
make with the tangent AD an angle equal to a rectilineal 




ttgle^ and hence the coryature will not be conUnuous; 
contrary to the hypothesis. 

Nate, A straight line AD toaches a curve ACB when it ccin- 
oides with the limiting position of a straight line joining A with a 
point of the curve near A which moves up to and ultimately 
oomcides with A, Thus the limiting position oi AB touches the 
curre at A ; and if it does not coincide with AD, there are two 
straight lines touching the curve at ii, so that the curve in pass- 
ing thzDogh A passes abruptly from contact with the limiting 
position of ii^ to contact with AD; in this case, the curvature 
t^A, that is, its rate of separation from the line that touches it 
at A, changes abruptly, and is therefore not continuous. 



Lkhma YIL 

If any arc given in position be subtended by a chord 
AB, and be touched at a point A in the midst qfcontinu- 
•us curvature by a straight line AD; the ultimate ratio 
heiween the arc, chord; and tangent is a ratio qf equality. 

For while the point B moves up to A, suppose AB and 
JD to be produced to distant points b and d^ so that bd is 
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parallel to BD, At Ah let an arc be described always 
similar to the arc ACB, Then, when the points Aj B 




coincide, the angle dAh ranishes, by the preceding 
Lemma; and thus the straight lines Aby Ad and the 
intermediate arc Ach coincide, and are therefore eqnaL 
Hence the straight lines AB, AD (which are always pro* 
portional io Ab^ Ad) and the intermediate arc ACBy will 
ultimately yanish in a ratio of equality, q. b. d. 

Cob. 1. Hence, if BFhe drawn through B parallel to 
the tangent catting any straight line AF tiiroogh A in F^ 
this line BF will ultimately have to the vanishing arc 




ACB a ratio of equality, since — completing the parallelo* 
gram AFBD-^ii has always a ratio of equality to AD^ 

Cor. 2. And if through B and A be drawn sereral 
straight lines BE^ BD, AF, AG, cutting the tangent AD 
and the parallel to it BF\ the ultimate ratio of all the 
abscissae AD, AE, BF, BG, and of the chord and arc AB^ 
will be a ratio of equality. 

Cor. 3. And hence all these lines, in all reasoning oil 
ultimate ratios, may be used one for another. 

Note 1« By distant points h, d are meant points taken so as • 
to be always at- a finite distanoe from A (see note to Lemma I.). 
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NoU 2. By tbe tangent ADm this Lemma, is meant a part 
4rf the Tinlhnited tangent. at A cut off bjr a line BD which alwayg 
make ajbtiie angle with it. For in the proof it is assumed thai 
the pointa b and d coincide in the limits which they do not 
aeoeasaiily unless hd makes always a finite angle with Ad, 

Able 3, It is here assumed that Acb is always touched by iidL 
Thai it IS so may be seen thus: by the properties of similar ^^res 
{vHU Tiwnma Y. Note 2) straight lines from A to corresponding 
points on A CB, Acb make the same angle with AB or Ab, and are 
proportional io A B, Ab. Hence any straight line through A meet- 
ing the two curves will be diyided by them in the constant ratio 
of AB to Ab, If then such a line be supposed to move up to 
and ultimately coincide with AD, the portion cut off by ACB 
Taaiahes, nnce AD touches ACB; therefore the portion cut off 
hj Aeb Tanishes^ and consequently AD touches Ad>, 

Note 4« These observations B^\y also to the two following 
IiPimnaSi 

Nete 5. In this and succeeding Lemmas Newton finds the 
Smiting ratio of vanishing quantities by taking quantities always 
proportional to them, one of these new quantities, as Adj re-* 
iwMTtitig finite ; he thus determines the ratios of quantities which 
vaniBh by means of the ratios of quantities which do not vanish. 

Tlie figure which the Lemma is concerned with may in fact 
tie oonceived to be magnified, the magnifying power applied 
hmng continually increased as the figure continually diminishes, 
10 ■■ to keep the image ocmtinually finite. 

Noie 6. If one angle A of a triangle ABD continually 
d i mini ehei and ultimately vanUhes, the othere remaining Jinite, 
Uie ratio of the tidee including the angle which vanithee ie in th4 
UmU a ratio cf equality. 

This proposition is incidentally proved in this Lemma. 

Note 7« In this and succeeding Lemmas, the magnified lines 
and areas are proved to be equal, by Lemma I. ; and hence the 
Tanishing lines and areas, which are always proportional to them, 
vanish in a ratio of equality. 

Tliiis, in this Lemma, we have Ad equal to i^ 5, by Lemma I. ; 
Md therrfore AD^AB vanish in a ratio of equality^ 
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Lbmi^a VIII. 

' If the straight lines AB, BB make with the chord AB^ 
tlie arc AOB and the tangent AD, the three triangles 
R AB, RACB, RAD ; then^ if the points A, B move up to 




tach other, the evanescent triangles are lUtimatel^ similar, 
and tJieir ratio is a ratio qf equality. 

For, while the pomt B moves up to A, suppose AB, 
AD, AR to be produced to distant points }>, d, r so that 
rhd is parallel to RD, and an arc Acd to be described 
always similar to AGB, 

Then, when the points A, B coincide, the angle hAd 
will vanish, and therefore the triangles rAh, rAcb, rAd 
(which remain always finite) will coincide, and be, for that 
reason, similar and equal. Hence, also, RAB, RACB, 
RAD, which are always similar and equal to them, will be 
Ultimately similar and equal to each other. q.b.d. 

Cor. And hence these triangles, in all reasoning, on 
ultimate ratios, may be used one for another. 

i 

Note 1. For the direct application of Lemma L to the proof of 
this Lemma it is essential that the triangle rAd should be finite, 
and therefore that its angles, and the angles which are equal to 
them of the triangle RAD, should be finite. Hence MD moves 
up to ii in such a manner at to make finite angles with AB and 
AR ; and the .points J^ J) ultimately (xoncide with A* 
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Note 2. The Lemma is alio trae if iZ is fixed and i22>revolve« 
about J2 so as ultimately to coincide with RA-, for then r moves 
to an infinite distance, and therefore the triangles rAb, rAcb, 
rAd are ultimately in a ratio of equality. 




2Me 3. Let ST, the tangent at £, meet the tangent at il in jT. 

Then by using the construction and method of proof of this 
Lsrama it is easy to see that the figure AT BR is ultimately in » 
ratio of equality with the inasigloaABR,ADR, and the area^l CBR. 

Node i. In the case of this Lemma, and also in the case of 
Ifofe 9, that is when AR, BR make always finite angles with A D, 

L.R.RB: RD=^L . R . rb : rd=l. 



Lemma IX. 

^tlia straight line AE and the curve ABC, given in 
poaitUmy cut one another at a given angle A, and ordi- 
katM BDi GET be drawn to the straight line, meeting the 
'tw/^ in B) 0; then if the points B, C move up simul- 
ttmeously to the point A, the areas of the trianqltA kfi^^ 
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ACE will he to each other ultimately in the ifuplicate 
ratio qf the sides. 

For while the points ByCsre moviog up to the point 
A, suppose AD to be produced to the distant points d and 




e, so that Ad, Ae may be always proportional to ADy AE, 
and the ordinates ^, ^ to be drawn parallel to the ordi- 
nates DB, EC and meeting AB, ^C7 produced in b and e. 

And suppose a curve ^^ to be drawn similar to ABC^ 
and the straight line Ag touching both curves in A, and 
cutting the ordinates DB, EC, db, ec in F, Qyfy g. 

Then the length Ae being fixed, let the points J?, C» 
coincide with A ; thus, when the angle cAg vanishes, the 
curvilinear areas Abd, Ace will coincide with the recti* 
linear areas Afd, Age, and will therefore (by Lemma Y.}, 
be in the duplicate ratio of the sides Ad, Ac, 

• 

But to these areas the areas ABD, ACE, are always 
proportional, and to these sides the sides AD^ AE, 

• • 

Therefore also the areas ABD, ACE are ultimately in 
the duplicate ratio of the sides AD^ AE, q.b.d. 

l^oU 1. In this Lemmli the angle A which ii^ makes with the 
curve must be finite : for the proof will not hold M AK coinoidei 
in the limit with the tangent AD, 

Note 2. Since DP U to DB as df io db ; and that c^is ulti- 
mately equal to dbj because the angle fAb vanishes ; therefore the 
ultimate ratio of DF to DB i^ one of equidity. 
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Leu MA X, 

Ths $pacet described by a body under the action qf 
any finite force, whether that force be constant or either 
continudUy increasing or continually diminishing^ are 
ai the very beginning qf the motion in the duplicate ratio 
of the times. 

Let the times be represented by the lines AD, AE^ and 
the yelodties generated by the or^nates DB^ EC, 




Then the spaces described with these yelocities will be 
the areas ABD, ACE described by these ordinates, that 
is at the very beginning of the motion (by Lemma IX.}, in 
the duplicate ratio of the times AD, AE, q. e.d. 



Note 1. The object of this Lemma is to determine in what 
» maimer the displacement of a body by any finite force will initially 
Tizy with the time during which its action is considered; or 
■tuting from any given moment, what amounts of displacement 
the body will experience due to the action of the force during 
iiidsfinitely small intervals of time. 

Note 2. By a finite force is meant a force which, if it remained 
conataiit for a finite time, would produce a finite change in the 
motion of a body ; that is, would produce a finite change in its- 
telodty. Thus in the figure, if the initial force had remained 
oonstant throughout the time Ae, it would have generated in the 
body the finite velocity eg : and since the velocity generated by 
% constant force is equal in equal times, the velocity ^\!l«C9^^Ssw 
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proportional to the tinie; the velocity generated in time AD 
would thus have been DF; and since eg is finite 2>^ bears always, 
and therefore ultimately, a finite ratio to AD. 

Hence the ultimate ratio of the measure of the velodty gene- 
rated by a finite force to the measure of the time is finite ; so that 
Ag makes a finite angle with Aa, and thus Lemma IX. is appli* 
cable. 



Note 3. To shew that the space described in any time AEhf 
the action of the force is represented by the area ACJB wo pro- 
ceed as follows: 

Suppose the time AE divided into any number of equal intervals 



a: y j> 




Affi HK, KL, &c., and let parallelograms Ah^ ffJe, Kl, kc on 
these bases, be inscribed in the figure Ac as in Lemma IL 

Then Ah, Bk, Kl, &c., are the spaces which would be 
described in the times Aff, HK, KL, &o., by a succession of 
impulses which should cause the body to move during the sue*, 
cessive intervals with the velocities Hh, Kk, LI, &c. 

Thus the space described in the time AEia represented by the 
sum of the parallelograms. 

And when these intervals are increased in number and 
diminished in magnitude without limit, the space described 
becomes by Lemma II. the area A EC; and the series of impulses 
then becomes a continuous force causing the body to have at 
each instant, as at end of time AL, the velocity represented by 
JU.6ifkym. perpendicplar to AL to mi»et the curve. 
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' IfeHi t, TojM a meature for a force in termt of ike ipace 
daeribedfrom rest ly a body under its action, and the time, 

Bj Det 7. the accelerating 'force is proportional to tbe 
Tdbdij generated in a given time: tbns a uniform force is 
aMMued by the velocity generated in a unit of time ; or, which 
is ihe lame thing, by the ratio which the velocity generated in a 
grreii time bears to the time. In the same way a variable force 
mmy be measured provided the given time be taken indefinitely 
(Def. 7, note 2). 



Iiet V be the velocity produced in time t by the action of the 

totoe, s the space described ; then - , when t is indefinitely di- 

taiiidshed, is the accelerating measure of the force. Now in the 
a^pam to Lemma X., 

L. B. of area ABD to triangle AB2)=1 ; 
or lu B. of space described from rest : i:Vt= 1 ; 
•*. /= acceleral^g measure of the force 

= limit -= limit -J 
* * 

__.. . 2 X space from rest 
(time)" • 

"We have then /= limit - , 

mod /= limit ^ 

slimit -r - -r 

=hmit-^; 

hetae^ l^linut^, 

. . «« 

/^limit — . 
2« 

we have three expressions for the force ; vis. the limit of . 
— • oirrm and of — . 
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Note 5, If the force is uniform, let the ordinates i?I>, Clf 




perpendicular to AE represent the relocities produced by it in 
the times AD, AE, 

Since the force is uniform JBD is proportional to AD; and the 
locus of jS is the straight line ABC, 

Let AD^t : BD=v : /the accelerating measure of the force : 

Again, let t be the space described from rest in time t ; 
then 8 — triangle ADB =-vt—--f^: 

thus for a uniform force/, 

f J 2« _ jf _ / 

Def. When a body is moving under the <icti<m of a eenltv 
pHal force, the space through which it would have to fall from 
rest in a straight line to the centre of force, {the force being tup* 
posed to remain constant,) in order to acquire a given vdocUg^ 
is called the space due to that velodty. 

Thus if/ be the accelerating force^ v the velocity, the ppace 
due to the velocity = S/ • 

« 

Cor. 1. Hence it is easily inferred that, when bodies 
which describe similar parts of similar curves iA propor* 
tional times, are disturbed by any ^ual forces similarly 
applied to them, the errors so geueral^ measured by th0 
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diatanccs of the bodies from those points on tlie similar 
figoros which they would have reached without these 
forces, are as nearly as possible as the squares of the times 
in which they are generated. 

Gob. 2. But t2ie errors geucnitcd by proportional 
forces similarly applied at similar parts of similar figures, 
are as the forces and squares of the times coi\jointly. 

Cob. 3. The same is true of any spaces whatever 
which bodies describe by the action of dificrent forces. 
These are, at the very beginning of the motion, as the 
forces and the squares of the times conjointly. 

Cob. 4. And therefore the forces are directly as the 
.spaces described at the very begiuning of tlio motion and 
inversely as the squares of the times. 

Cob. 5. And the squares of tho times are directly as 
the spaces described and inversely as the forces. 

X'ote 1. By equal forces in Cor. 1 are meant forces capable 
of prudacing equal accelerations ; for example, the forces exerted 
by a planet on the Earth and Moon when these are at the same 
distance from the planet are, in this sense, considered equal, 
because they produce equal accelerations in the two bodies. It 
is fonnd in nature that bodies possess by their attractions a 
power of producing acceleration, which power depends on the 
mMS of the attracting body and on its distance from the body 
.attracted, but not on the mass of the latter body : this power is 
called by Newton the accelerating force of the attracting body, 
and is measured by the acceleration produced. 

The moving force exerted on a body by this accelerating force 
is measured according to the second law of motion by the whole 
motion produced, that is, by the mass of the body moved and its 
aooeleration conjointly. 

Note 2. By the error in these corollaries is meant the 
diitaDOe of the point actually reached at the end of the time from 
the point which would have been reached if the disturbing force 
had not been acting. The change of motion by which the body 
liM been broi:^ht to the former point instead of the latter is, by 
the lecond law of motion, always proportional to and in the 
Election of the moving force to which it is due. 

M.K. ^ 
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If the force were, throughout the small time during which ib 
Is supposed to act, constant in direction, the straight line joininnf 
the points would be the path of the body due to the force, and in 
(since the Lemma is approximately true for small intervals of 
time) very nearly proportional to the square of the time. 

If, however, the direction of the force during that time were 
not'constant, the motion of the body which is due to the distmrb- 
ing force would be in a curve joining the two points ; the curva- 
ture of this curve from point to point corresponding to the 
change of direction of the force ; but in a small interval of time 
this change of direction, and therefore the curvature of the curve, 
may be neglected, and the -error, which is approximately propor- 
tional to the square of the time, is approximately the straight line 
joining the two points.. 

Note 3. By proportional forces in Cor. 2 are meant forces 
which produce proportional accelerations. The quantities of 
motion produced in equal times under the action of forces pro- 
ducing proportional accelerations, must be, by the second law of 
motion, proportional to the moving forces ; the spaces described 
must tlierefore be in the ratio of the accelerating forces ; and by 
the Lemma, the spaces due to the action of equal accelerating 
forces are proportional to the squares of the times. 

Hence the spaces due to the action of different accelerating 
forces during unequal times are proportional to the accelerating 
forces and the squares of the times conjointly. 

Scholium. 

If varying quantities of different kinds be oompand 
together, and one be said to be directly or inversely as 
another; the meaning is that the one increases or diminish- 
es in the same ratio as the latter or as its redproctiL 
And if any quantity be said to be directly or inyersely m 
two or more others, the meaning is that the first increaMt 
or diminishes in the ratio which is compounded of the 
ratios in which the others or the reciprocals of the otbers 
increase or diminish. Thus, if A be said to be directly at 
B and C and inversely as i>: the meaning is that A in* 

creases or diminishes in the same ratio as BxCxjc} 

BG 

that is, that A and -^ are to each other in a given ratio. 
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LsxicA XL 

The wmUhing ttibUme cfthe angle of contact, in aU 
rptff which havejintte curvature at the point qf contact, 
it MlHmately in the duplicate ratio qf the chord qf the 
etnUerminous arc 

Cash 1. Let AB be the arc, AD its tangent, AB the 
chord; and let the sabtenso BD of the angle of contact be 
perpendiciilar to the tangent. 

To the chord AB and the tangent AD draw perpen- 
HealuBBOyAO meeting in 6i^; and let the pomts J?,Z>, G 



d D 




At, Ac 

A^ At 



vore towards the points d, b, g, and / bo the ultimate 
iatenection of the lines BG, AG when the points D, B 
more up to ^. 

It is evident that the distance GI may be made less 
flm any assignable length. 

How (from the nature of the circles through the points 
■ABGf Ab^ the square on AB is equal to the rectangle 
nder AG and BD, and the square on Ab is equal to the 
neteofi^e under Ag and bd; and thus the ratio of the 
squre on AB to the square on Ab is compounded of the 
nfeios of ^G to Ag and BD to bd. 

But since GI may be made less than any assignable 
length, the ratio of ^G^ to ^^ may be made to differ from 
t tSUo CKf equality by less than any assigned difference, and 
ttwpforo the ratio of the square on^^ tottkft vffltt^twv Ab 
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may be made to differ from the ratio of BD to M by len 
than any assigned difference. Therefore, by Lemma I^ tlM 
ultimate ratio of the square on AB to the square on Ah ii 
the same as the ultimate ratio of BD to hd, Q. e.]>. 

Case 2. Now let BD be inclined to AD at any girea 
angle; the ultimate ratio of BD to hd will always be the 
same as before (Note 2), and therefore the same as that of 
the square on AB to the square on Ah, Q. e.d. 

Case 3. And even if the angle at D were not given; 
but the straight line BD were to converge to a given 
point or were drawn according to any other law whatever; 
still the angles at D, d, being constructed according to the 
same law, will always tend to equality and will approadi 
each other more nearly than for any assigned difference^ 
and will therefore by Lemma I. be ultimately equal, and 
consequently (Note 3) the linos BD, hd will be ultimately 
to each other in the same ratio as before. Q. e.d. 



Note 1. In Case 1 it is assumed in the proof that 7 is at a 
finite distance from A, or that the circle which touches the curve 
at A and passes through B becomes neither indefinitely great 
nor indefinitely small when B moves up to and colooides with 
A. This is implied in the phrase ^ntte curvcUure in the enuncia- 
tion. 



Note 2. The ultimate ratio BD to hd\a the same in Case 2 
as in Case 1, because any parallel straight lines through B and. jft 
make with BD, AD, and with hd, Ad, a pair of similar triangke. 

Note 3. To complete the proof of Case 3, draw a straight 
line he always parallel to BD : then, since the angles at D and d 




are ultimately equal, the angles at e and d are ultimately eqoa^ 
4UQd their difference, the angle d6e, ultimately vanishes. ' 



-. -.b 
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Therefore, by the proof of Lemma VIT., the ultimate ratio of 
hdiobeia one of equsJity : and thus the ultimate ratio of BD to 
hd 11 the same as that of BD to he, that is, it is the ultimate 
ratio of the squares on AB and Abt by Case 2. 

Cor. 1. Hence, when the tangents AD, Ad, the arcs 
ABy Abj and the lines BC, he, perpendicular to ^6r, be- 
come ultimately equal to the chords AB, Ah, their squares 
also will ultimately be as the subtenses BD, bd. 

Cob. 2. The squares of the same lines are also as the 
sagittsB (Note 1) of the arcs, which bisect the chords and 
waYerg^ to a given point For these sagittiB are as the 
sabtenses BD, hd. 

Cor. 3. Thus the sagitta is in the duplicate ratio of 
the time in which a body describes the arc with a given 
tdodty. 

..CoR. 4. The rectilinear triangles ADB, Adh are ulti- 
mately in the duplicate ratio of the sides AD, Ad, and in 
the seaquiplicate ratio of the sides DB, dh; for they are in 
the ratio compounded of the ratios of ^Z> and DB to Ad 
and db. So sdso the triangles ABC, Ahc are ultimately in 
the triplicate ratio of the sides BC, he. The sesquiplicate 
itttio— which is the ratio compounded of the simple and 
snbdnplicate ratios — is also called the subduplicate of the 
triplicate ratio. 

. Cob. 5. And since DB, db are ultimately parallel and 
in the duplicate ratio of AD, Ad, the curvilinear areas 
ADBf Adb will ultimately (from the nature of the parabola, 
Ifote 2) be two-thirds of the rectilinear triangles ADB, 
Adb; and the segments AB,Ab will be the third parts of 
the same trianglea 

And hence these areas and these segments will be in 
the triplicate ratio of the tangents AD, Ad, and of the 
chords and arcs AB, Ah, 



Note 1. Def. By a sagiita of an are is meant a straight 
Ihu draiwn at a finite angle to its chord from the middle point of 
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The sagittse of the arcs AB, il 6 are as the subtenses paralld 
to them. 

For let EKF be the sagitta parallel to BD of the arc A KB: 




so Chat AB is t^ce AE, and therefore AD twice AF^ and DB 
twice EF, 

Then by Cor. 1 of the Lemma, since AD ii tw^ce AF, DB 
is ultimately to KF in the ratio of 4 to 1 ; therefore the ultimate 
ratio of j^i^to JTi^is 2 to 1; therefore that of ^JT to ^i^ is 1 to 
2; and hence that of EK to DB is 1 to 4. 

Thus the sagittee vary as the subtenses parallel to them, and 
are therefore to each other as the squares of the arcs, chords, and 
tangents. 

Note 2. Since the ultimate ratio of the square on AD io the 
rectangle under DB and il / is a ratio of equality, if a parabolft 
were described touching AD aX A, having A for its vertex and m 
latus rectum equal to ^/, the ordinates to the parabola and the 
curve for any the same abscissa AD are ultimately in a ratio of 
equality : hence, by Lemma IV., the areas which AD, DB in- 
clude with the parabola and with the curve are ultimately in a 
ratio of equality. 

That this area is two-thirds of the area of the triangle ADB 
is proved thus. Complete the parallelogram ADBC as in the 
figure to the Lemma. Then the curvilinear area ABC is two- 
thirds of the parallelogram A DBG (Appendix, Lemma IL); 
therefore the curvilinear area ABD is one-third of this parallelo- 
gram, and thus, two-thirds of the triangle ADB, 

Scholium. 

In all that precedes we suppose that the angle of 
contact (Note 1) is neither infinitely greater than tbo 
angles of contact which circles make with .their tangnentt 
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nor infinitely legs; that is, that tho cun-atnro (Note 2) at 
the point A is neither infinitely small nor hifinitely great, 
or thkt the distance AI is finite. For DB can l>e taken as 
AL^j in which case no drcie can be drawn through tho 
pamt A between the tangent AD and the curve AB^ and 
ooBBequently the angle of contact will be infinitely less 
than in circles. And by similar rcaHoning, if DB be made 
snooessiTely as AD^^ AD^, AD^, AD'... there will be a 
series of angles of contact extenduig to infinity of which 
each is infinitely less than the preceding. Also if DB be 

s ^ ft 11 T 

made sacoessively as AD*, AD^, AD^, AD^, AD^, AD^... 
there will be another infinite series of angles of contact, of 
whidi the first is of the same kind as in circles, the second 
infinitely greater, and each infinitely greater than the pre- 
ceding. And moreover, between any two of these angles 
can be inserted a scries of intermediate angles extending 
to infinity in either direction, every one of which is infi- 
nitely greater or smaller than the preceding. Thus we 
may insert between the terms AD^ and AD* tho series 

AD^, AD^y AD^, AD^y AD^, AD^, AD^y AD^ j 

AD* ...And again between any two angles of this series 
can be inserted a new series of angles, intermediate be- 
tween them, and differing from them by infinite intervals. 
And in the nature of things there can be no limit to the 
process. 

The properties proved of curved lines and areas en- 
closed by them are easily applied to cun*ed surfaces and 
contents of solids. But tliese lemmas have been intro- 
duced to escape the tedious ad absurdum method of proof 
adopted by the old geometers. For the proofs are made 
shwter by the method of indivisibles; but as the hy- 
pothesis of indivisibles is somewhat harsh, and that method 
consequently must be considered somewhat ungeome- 
trical, it has been thought better to reduce the demon- 
strations of the following propositions to the ultimate 
anms and ratios of vanishing quantities, and the prime 
sums and ratios of nascent quantities ; and accordingly to 
give, as briefly as possible, demonstrations of these limits. 
For while we thus establish the same principles as by the 
method of indivisibles, wo shall use them with greater. 
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safety. lu what follows, then, if quantities are treated 
as consisting of small parts, or if small cnrve lines be con- 
sidered straight, they are to be understood not as being 
indivisibles but evanescent divisibles, and their sums and 
ratios not as the sums and ratios of determinate parts but as 
the limits of sums and ratios; and the force of Uie proofs is 
made to depend on the method of the preceding Lemmas. 
It may be objected that there is no ultimate proportion of 
vanishing quantities ; for, before they have vanished it is 
not ultimate, and when they have vanished there is no pro- 
portion. But by the same argument it might be contended 
that there is no ultimate velocity of a body arriving at a 
certain (dace, where its motion comes to an end ; for the 
velocity before the body arrives at the place is not the 
ultimate velocity^ and when it reaches it, there is no ve- 
locity. And the answer is easy : namely, that by the ulti- 
mate velocity is to be understood the velocity witii which 
the body is moving, neither before it reaches the ultimate 
position where the motion ceases, nor afterwards, but at the 
moment it arrives there ; that is, that very velocity with 
which the body reaches the ultimate position, and with 
which the motion ceases. And similarly we are to under- 
stand by the ultimate ratio of vanishing quantities not 
their ratio before thoy vanish nor after, but that with 
which they vanish. Similarly the prime ratio of nascent 
quantities is the ratio with which they begin to exist. And 
prime and ultimate sums aro the sums with which they 
begin and cease to be (or to be increased or diminished). 
There is a limit which the velocity can attain at the end of 
the motion, but cannot exceed; this is the idtimate ve^ 
locity. And similarly for the ratio of the limits of all 
quantities and proportions in their initial and final states. 
And since this limit is a certain and definite result it is 
strictly a geometrical problem to determine it But any 
geometrical method may legitimately be used in deter- 
mining and demonstrating other geometrical results. 

It may also be contended that, if ultimate ratios be 
given of vanishing quantities, it must be granted that they 
have ultimate magnitudes: and thus every quantity will 
consist of indivisibles, contrary to what Euclid has proved 
in reference to incommensurable quantities in the tenth 
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book of the eloments. But tliis objection rests on a f; 
lijpotheBiB. The ultimate ratios with which quanti 
Taniflh are in fact not the ratios of ultimate quantities, I 
limits whidi the ratios of quantities diminishing ydiha 
limit continually approach, and which they can come neai 
to than for any assigned difference, but never go beyond, ai 
which they cannot reach before the quantities are indei 
nitely diminished. The matter will be more clearly undei 
stood in the case of quantities which are indefinitely great 
If two quantities, whose difference is given, be increasec 
indefinitely, their ultimate ratio will be given, namely a 
ratio of equality, and yet there is not given any ultimate 
or greatest quantities of which that is the ratio. In what 
IbllowB, therefore, if ever, with a view to making any 
matter easier to comprehend, quantities are spoken of as 
being as small as possible or evanescent or ultimate, quan- 
tities of determinate magnitude are not meant, but quanti- 
ties which are to be conceived as diminishing without 
limit 

Note 1. Angle of contact. Let AD he the tangent at A to 
V curve AB; AB any gmali arc of the curve: then angle BA D 




16 angle of contact of the arc AB, Draw BD at right 
Vi to AD. With centre A describe an arc of a circle BJi 
log the tangent at ^ in ^ : then the angle of contact of arc 
dth the tangent at A = ratio of B£ to chord A B, 

4 A'D' be ihe tangent at A' to any other curve A'B'; ffE 

of a circle cutting the tangent at il' in f ; draw B^D' at 

\Dgle8 Xo A'D^ I the angle of contact oi AB is to angle 

act of A'B' an ratio of BE to BE ia to ratio of chord AB 

d A'ff, But the limiting ratio of BE to ffE' is equal 

of BD to B^D' (by Lemma VII. Cor. 1) ; and the limiting 
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ratio of chord AB to chord A'B* is equal to the ratio of arc AJ3f 
to arc A'B% and of tangent AD to tangent A'D\ Hence, the 
limiting ratio of the angles of contact of two arcs of any curves 
is the ratio which the ratio of the subtenses bears to the ratios of 
the arcs, chords, or tangents : and thus, the limiting ratio of 
the angles of conflict of tvoo aixs is that of the subtenses of equal 
arcs, chords, or tangents. 

Note 2. Let ^4 D be the common tangent at A to any two 
curves AB,AB': draw DBB' at any finite angle to AD meeting 




the curves inBB^; join AB, AB\ Then the angks BAD, B'AD 
are the angles of contact of the curves at A i^th the tangent ADm 

When B and B' move up to >i, the limiting ratio of the angle 
of contact of AB to that of AB' or of angle BAD to angle B'AD 
may be finite, or zero, or infinite ; if zero, the angle of contact of 
^^ is said to be infinitely smaller than that of AB' ', if infinite^ 
infinitely greater. 

If AB' \)e an arc of a circle, the angle of contact of AB is 
said to be finite or infinitely small or infinitely great according as 
the limiting ratio of the angle BAD to the angle B'AD is finite, 
zero, or infinite. 

Note 3. The curvatures of curves are compared by com- 
paring at any points the angles of contact with the same or 
equal tangents. If the limiting ratio of these angles is one of 
equality the curvatures are said to be equal, or the curves are 
said to have the same curvature at those points. If the limiting 
ratio of the angle BAD to B'AD be less than unity, the curva» 
ture oi AB tX A is less than that oi AB'] if greater than unity, 
the curvature otABvs the greater. 

If the limiting ratio of the angle of contact of il^ to that of 
Ah^ hQ zero or infinite, the curvature of AB at A is said to be 
infinitely less or infinitely greater than that of A B' ', or, if AB' 
be a circle, to be infinitely small or Infinitely great. 
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Nt4e 4. DiF. By the drde of curvature of a curve at any 
p^hU i$ meant the circle which hat the tame curvature (Note 8) 
«t Ae ewrve at that point, 

m 

ThuM in the Lemma tbe limiting position of the circle de- 
■eiibed aboat the triangle ABG is the circle of curvature of the 
0aimABtAA. 

The drcle of curvature to a curve at ^ ia therefore the limit- 
ing position of the circle which has the same tangent as the 
enrve at A and passes through a point B near A, when B moves 
1^ to and coincides with A. 

Or, the circle of curvature at A is the circle which touches 
the oorve at A, and the limiting ratio of the subtense of which 
for a given tangent AZ> to the subtense BD of the curve is one 
of equality. 

Note 6. De9. H^ diameter and radiue of the circle of 
ewrvature (U any point T of a curve are generally called the 
diumder and radiue of curvature of the curve at that point; and 
a chord of the circle through V in any direction is called the 
dkord of curvature at P in thai direction. 



SECTION II. 



On fiyiding Centripetal Forces. 



Peop. I. (Theoeem I.) 

When a body moves in an orbit under the action qf 
forces tending to a fixed centre, the areas described b^ 
radii to that centre are in a fi^ed plane, and are pro- 
portional to the times of describing them. 




Suppose the time to be divided into equal parts, and in 
the first ]mrt the body to describe by its inertia the 
straight lino AB; the body would, if unimpeded, proceed 
in the second part of the time straij^ht on to c (by Law 1), 
describing the line Be equal to ^^; so that radii AS, BS^ 
cS being drawn to the centre, there would be formed the 
equal areas A SB, BSc. 
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Bat when the body comes to B, suppose a centripetal 
force to act on it by a single but great impulse, so as to 
make the body swerve from the straight line Be and go iu 
the straight line BC, To BS let a parallel cC be drawn, 
meeting BC in C : then at the end of the second jxirt of 
the time, the body will (by Cor. 1 of the laws of motion) be 
found at C in the same plane with the triangle A SB, 

Join SC; then the triangle SBC will, because SB, Cc 
are parallel, be equal to the triangle SBc, and therefore to 
the triangle SAB. 

By similar reasoning, if a centripetal force acts succes- 
sively at (7, Z>, By &c. making the body describe in the 
sereral portions of time the several straight lines CD, BE, 
JBFj &c. these will all lie in the same plane, and tlie tri- 
angle SCD will be equal to the triangle SBC, and SDE 
to SCDy and SEF to SBB; therefore in e<iual times equal 
areas are described in a fixed plane : and componendo, any 
smns of these areas, as SABS, SAFS, are as the times of 
describing them. 

Now let the number of triangles be increased and their 
width diminished indefinitely ; then the limit of the peri- 
meter ABFynil (by Lemma III. Cor. 4) be a curve; and 
thus the centripetal force by which the body is perpetually 
drawn away from the tangent to this curve will act inces- 
santly; and the areas which are described, as SABS, 
JSAFS, being always proportional to the times of describing 
them, will be proportional to the times in this case. q.e.d. 

Note, The motion of the body in the proof of this propo- 
sition is determined by impulses towards S acting at the end 
of eqnal intervals of time in which the body describes AB, BC, 

CDj ; for each one of these tiroes it receives one impulse. 

Thus Ce is the effect of the impulse corresponding to the time t 
of describing AB\ and the impulse is measured as to its ac- 
celerating quantity (Def. 7) by the velocity which it gene- 
rates in a given time ; also the accelerating effect of the force is 
to generate in an interval of time t the velocity with which the 
body describes Cc in time U 

Kow velocity generated in time ^=— - , 
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.*. accelerative xneasnre of the force 

velocity sreneroted in time t 



= limit of 
= limit of -3 . 



t 



Cor. 1. The velocity of a body attracted to a fixed 
centre is (at any point in its orbit), in non-resisting spaces, 
reciprocally as the perpendicular let fall from that centre 
on the straight line touching tlie orbit at that point. 

For the velocities at the points A, B^ C, Dy S are as 
the bases AB, BC, CD, DE, EF of equal triangles; and 
these bases are reciprocally as the perpendiculars let fall 
upon them. , 

Note, If 17 be the velocity at Aip the perpendicular oil AB 
from S, t the time of describing AB; then AB^vt', therefore 
'ifpt=2 X area of triangle SAB, 

Let now A=:2xarea described by the body about 5 in a 
unit of time ; then, since equal areas are described in equal times, 
ht=2x area described in t units of time: 
= 2 X area of triangle SAB, 
or ht=vpt; 

therefore h=vp. 

This equation is a symbolical expression of the law of equable 
description of areas. 

GoR. 2. If AB, BG are chords of two arcs succes- 
sively described in equal times in non-resisting spaces by 
the same body, and the parallelogram ABCU be com- 
pleted, and its diagonal BU, in the position which it 
ultimately takes when those axes are diminished inde- 
finitely, be produced both ways; BU will pass through 
the centre of forces. 

Note, Draw GU parallel to A Be, meeting SB in Ui join A U, 
Then since GU is equal and parallel to Be which is equal to il^, 
A BGU IB a parallelogram (Euc. I. 33). 

Cor. 3. If AB, BG, DE, EF be chords of arcs de- 
scribed in equal times in non-resisting spaces, and the 
parallelograms ABCU, DEFZ be completed; the forces 
at B and E are to each other in the ultimate ratio of the 
diagonals BU, EZ when those arcs are diminished in- 
definitely. 
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For the motions BC and EF of the body are com- 
pounded (by Cor. 1 of the Laws) of the motions Be, BU 
«nd Ef, EZ\ bat BUwi^ EZ, being equal to Cc and Ff, 
were (in the proof of this proposition) described by the 
impulses at B and E of the centripetal force, and are 
therefore proportional to these impulses. 

Cos. 4. The forces by which any bodies in non-resist- 
ing spaces are drawn away from rectilinear motions and 
deflected into curved orbits, are to one another as those 
sagittSB of arcs described in equal times which converge to 
the centre of forces, and bisect the chords when those arcs 
are diminished indefinitely. 

For these sngittoc are the halves of the diagonals with 
irhich we had to do in the third Corollary. 

NcU, Let il(7meet BUing'f then Cg=gA, and Bg= BU\ 

A 

alao accelerative measuie of force at B 

Cc 
= limit of - j (Prop. I. Note 1), 

=limit of "^ ; where t is the time of de- 

Mribing j4^. 

Cob. 5. And therefore these forces are to the force of 
gravity as those sagittse are to sagittse drawn vertically to 
ptnbolic arcs which projectiles describe in the same time. 

Cob. 6. The same things hold (by Cor. 5 of the Laws), 
^lien the planes in which the bodies move, together with 
tile centres of forces which are in those planes, are not at 
Vttt) but in uniform motion in a straight line. 

Pbop. II. (Theobebi II.) 

Every hody^ which moves in a plane curve, and which 
— ijf a radius drawn either to ajixedpoint or to a point 
moting uniformly in a straight line — describes areas 
about that point proportional to the times, is acted on by 
a centripetal force tending to that point, 

Casb 1. For every body which moves in a curve is 
deflected from a rectilinear course by some force acting on 
ji (by Law 1). 
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And the force, by which a body is deflected from a 
rectilinear course, and compelled to describe the equal in- 




definitely .small triangles SABy SBC^ SCD, &c. about tho 
fixed point S in equal times, acts at j9 in a line parallel to 
cC (by £uc. I. 40, and Law 2), that is, in the line BS\ and 
at (J in a line parallel to dD, that is, in the line CS] &c. 

Therefore the force acts always in lines tending to the 
fixed point S, 

Case 2. And, by the fifth Corollary of the Laws, this is 
time, whether the surface in which the body describes tho 
curvilinear figure be at rest, or be moving together with 
the body, the figure described, and the point S, uniformly 
in a straight line. 

Cor. 1. In non-resisting spaces or media, if the areas 
are not proportional to the times, the forces do not tend to 
the point in which the radii meet; but deviate from that 
direction; in conseqtientidy or towards the direction of 
motion, if the description of areas is accelerated; in anU' 
cedentidy if it is retarded. 

Cor. 2. Also in resisting media, if the description of 
areas is accelerated, the directions of the forces deviate 
from the point in which the radii meet towards the direc- 
tion of motion. 
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Nate. In tbis propoeitioxi, as in Prop. I., the force is sup- 
poaed to act by impalses at eqaal indefiDitely small intervals of 
time^ ao that the body describes successively AB, BC, CD, &o.: 
alflo Be is equal to AB as in Prop. I.; hence 

£iSBe=l^SAB=ASBC, 

KDoe equal areas are described in equal times; therefore by 
Eno. I. 40, eO is parallel to SB; and by Law 2, cC is the 
direeftion al the force at B. 

Scholium. 

A body may be acted on by a centripetal force com- 
pounded of several forces. In this case the meaning of 
the proposition is, that the force which is compounded of 
them all tends to the i>oint S. Moreover if any force acts 
eontiniially in a direction perpendicular to the surface de- 
scribed, this will have the effect of deflecting the body 
from the plane of its motion : but it will neither increase nor 
toinish the amount of surface described, and may there- 
fove be left out of consideration in compounding the 
forces. 

P&op. III. (Theorbm III.) 

Btery body, which describes areas proportional to the 
f^Mt about the centre of another body moving in any 
*oiiRer, by radii drawn to that centre, is acted on by a 
Mce compounded of the centripetal force tending to that 
^ther body, and (f the whole accelerating force by which 
<te diher body is affected. 

Let L be the first body, and T the other : then (by Cor. 
( of the Laws), if by a new force equal and opposite to that 
(0 by which the other body T is acted on, both bodies be 
tcted on in parallel directions, the first body L will go on 
<ltteribing about the other T the same areas as before : 
hit the force by which the other T'was acted on will now 
k destroyed by a force equal and opposite to it. 

Therefore (by Law 1) T being now left to itself will 
either keep at rest or move uniformly in a straight line : 
ind L will proceed to describe areas proportional to the 
tiineB about T under the action of the difference of tU^ 
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forces, that is, of the force which remains [when Z's force 
is compounded with Q reversed]. Therefore (by Theorem 
II.) the difference of the forces tends to the other body T 
as centre [therefore Z's force is compounded of Q, whicb 
is T's force, and of a cenU'ipetal force to 2^ as centre]. 

Q. E.D. 

Note, By the difference of two forces is here meant the re- 

•sultant of one of tliein and of the other reversed; and in Cor. 1 

of this proposition one force is said to be subtracted from another 

when, its direction being reversed^ it is compounded with the 

other. 

GoR. 1. Hence, if one body Z, by radii drawn to an- 
other T, describes areas proportional to the times; and if 
from the whole force (whether it be a single force, or oom- 
pounded of several according to the second corollary of the 
Laws), by which the first body Z is acted on, be subtracted 
(by the same corollary of the Laws) the whole accelerating 
force by which the other body is acted on : all the remauh 
ing force by which the first body Z is acted on tends to 
the other T as centre. 

GoR. 2. And if those areas are very nearly proportional 
to the times, the remaining force tends very nearly to the 
other body T, 

Gob. 3. And vice versd, if the remaining force tends 
very nearly to the other body T, the areas will be Yery 
nearly proportional to the times. 

Cob. 4. If a body Z by radii drawn to another T de- 
scribes areas which are very far from being proportional to 
the times, and the body T is either at rest or moving 
uniformly in a straight line: either there is no action of 
centripetal force tending to the body T, or it is merged in 
and compounded with very powerful actions of other 
forces; and the whole force compounded of them all ^ 
there are more than one) is directed to another centre 
(either fixed or moving). The same holds when the other 
body {T) is affected with any motion whatever; provided 
that force be taken as the centripetal force which remains 
after subtracting from the whole force on Z the whole 
force which acts on the other body T. 
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SCHOLIUH. 

Since the equable description of areas indicates the 
centre which that force tends to, by which the body is 
most affected and by which it is drawn away from recti- 
linear motion and retained in its orbit ; we shall in what 
&II0WB make nse of the property of equable description of 
areas as a means of finding the centre about which any 
orbital motion in free space is performed. 

Angular Velocity. 

"When a body P moves in an orbit, its angular velocity ronnd 
any point C ia the rate at which CP separates from any fixed line 
throngh C; and, if uniform, is measured by the angle described 
by CP in a second of time. 

Thus the angle described in t seconds = angular velocity xt; 

, , , .^ anflfle described in t seconds 
and angular velocity = • 

If the angular velocity be not uniform, the fraction on the 
xighi-hand side will not be independent of t ; but, if £ be an in- 
definitely small fraction of a second, the fraction will in general 
approach some limiting value ; this limiting value of 

angle described in f' 
i 

» called the angular velocity which the body has at the instant 
iinder consideration; and it is such that if the body moved 
ronnd C with such an angular velocity through an interval of 
time i, the angle it would describe is in a ratio of equality with 
tlie taig^e actually described in that interval, when t is indefinitely 
diminiahed. 

If therefore PCQ be the angle described by a body in ^' after 
leaving P, 

the angular velocity = limit — ^— . 

t 

'• Hie angular velocity at P is, when variable, the angle which 
would be described by the body in one second after arriving at P, 
if it remained throughout that second of the same magnitude as 
at PI 
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Pbop. To find a relation between the angular velocity of a 
body a^ut any point and its linear velocity. 

Let C be the p(»nt; PQ a small arc described by the body; 




jom CPf CQ : describe abont C an arc of a circle PM cuttiog CQ 
ini2; join PQ, PR 

Let V be the yelocity, u the angular velocity about C, and PT 
the tangent, at P; and let CP=rf and angle CPT=^, 

Then, the angle CRP^ and therefore its supplement the angle 
Qi2P, is ultimately a right angle when Q moves up to P ; 

, ,. .^ arc PR ,. .^ PB ., .^ sin PQR 

,\ limit =>.= limit vi>N=lumt -: — =r^- 

arc PQ PQ sm PRQ 

=sin CPr=sin ^; 

-""^-..CP 
m . !• •. arc PR ■). .. CP 

but hmit 575 = Imut ■ 

arc PQ arc PQ 

,. .^LPCQxCP ior 

arcPQ V 

.*. ci^=vsin^; the reliktion required. 

If p be the perpendicular from C on the tangent at P, 
p=rBin ^; hence the relation found above may be expressed in 
the form 

u)r'=pv. 

Cob. Since in an ellipse the focal distances make equal 
angles with the tangent at any point P, if oi^, w^ are the angalar 
velocities about S and S\ we have 

WiX8P=:Uf^XS'P, 
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Pbop. If C be the centre of force about which. P daeribes He 
4iUty Ike angular vdoeity «= z^^ . 

For, nnce C is tiie ooDtra of force, 

Asvp (Prop. I. Cor. 1, Note), 
= «r*. 

BiF. When a body describes an orbit under the action of a 
centripetal force, its mean angular velocity abont any point is the 
aogolar Telocity with which, if it remained constant throughout 
a rerohition, the body would describe its orbit in the same period 
as it actually does. 

Thus, let O be the mean angular velocity of a body ; P its 
periodic time ; then in time P with uniform angular velocity O 
the body would describe an angle 2r about the point ; 

• *. 2t=0P; 

J ^ 2ir 
and 0=--. 

Bnr. The venine of a circular arc BA , centre 5, is the inter- 
cept A (7, cut off by the perpendicular from B on the radius AS, 

Hie versine of an arc BA is, thus, the sagitta — through the 
•centre 8 of the circle — of an arc BAB\ which is twice BA, 

Jjbi AOhe the diameter of the circle : join BO, 




then 



or 



(chord .ig)V 
^^- AG ' 



versine = 



(chord)' 
diameter * 
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Prop. IV. (Theorem IV.) 

The centripetal forces hy which bodies describe circles 
with uniform motion tend to the centres of the circles; 
and are to erne another directly as the squares of arcs 
described in equal times and inversely a* the radii qf the 
circles. 

These forces tend to the centres of the circles, by Prop. 
II. and Prop. I. Cor. 2; and are to one another as the 
versines of indefinitely small arcs described in equal times, 
by Prop. I. Cor. 4; that is, directly as the squares of those 
arcs and inversely as the diameters of the circles, by 
Lemma VII. 

Therefore, as these arcs are as the arcs described in any 
equal times, and the diameters arenas the radii ; the forces 
are directly as the squares of any arcs described in equal 
times, and inversely as the radii of the circles. q.e.d. 

Note, By Prop. II. the forces tend to a point about which 
equal areas are described in equal times. 

By Prop. I. Cor. 2, the point which has this property is 
found; and in this case it is found to be the centre of the circle. 

That the centre of the circle is the point about which equal 
areas are described in equal times in the present case is suffi- 
ciently obvious; but Prop. I. Cor. 2 is here alluded to as giving 
a meliiod generally applicable for finding the centre of forces. 

CoR. 1. Since these arcs are as the velocities {v) of the 
bodies, the centripetal forces are directly as the squares of 
the velocities of the bodies, and inversely as the radii (r). 



I force « — . I 



Note. Let t be the time of describing an arc AB of the circle 
ABO about a centripetal force at the centre S\ then the force 
is (Prop. I. Note) 

(time of describing AB)* 
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,. .^ . 2 X (chord J i?)» 

=liinitof-p — ^— 77;— -i 

diameter AOxi* 



= 2 limit of 

__ (velocity)' 
radius 



(arc A B)* 
2ASxt* 




Or, if V be the velocity, r the radios, f the accelerating force, 



Cob. 2. Andy since the periodic times (P) are directly 
tg the radii and inversely as the velocities ; the centripetal 
forces are directly as the radii, and inversely as the squares 

of the periodic times force « — ; and P oc -; therefore 



finroe 



-m 



Noie. 






circnmference 
velocity 

2Tr 



Cob. 3. Hence, if the periodic times are equal, and 
therefore the velocities are as the radii, the centripetal 

foroes will be as the radii for here force or -— <x — oc r 

u. T T 



] 
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And conversely Fif the forces vary as the radii the periodic 



v" 



times are equal ; for here - a r : therefore v oc r ; therefore 

Pa - is constant . 
V J 



Cob. 4. If the periodic times, and therefore also the 
velocities, are in the subduplicate ratio of the radii ; the 

centripetal forces will be eqnal [for here P<x,r^\ there- 

fore -a r , and tja r*: therefore force a — is constant . 
V ^ r J 

And conversely I if the centripetal forces are equal the 
periodic times and the velocities will both be in the sub- 
duplicate ratio of the radii ; for here — is constant ; there- 
fore 1? a r« ; therefore Po:-o:r^^, 

V J 



Gob. 5. If the periodic times are as the radii and con- 
sequently the velocities equals the centripetal forces will be 

inversely as the radii j for here Pa-ocr; therefore v is 
constant; therefore force a— a -J. And conversely 

l^if the forces are inversely as the radii the velocities wQI 

be equal, and the periodic times will be as the radii ; for 

f^ 1 ■ ^ "1 

here — a - : therefore v is constant and Pa - a r I . 
r r ^ J 

Cob. 6. If the periodic times are in the sesquiplicate 
ratio of the radii, and therefore the velocities reciprocally 
as the subduplicate ratio of the radii, the centripetal fwceB 

will be inversely as the squares of the radii Ffor here 
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Pot- art; therefore f^oc-. ; therefore force a, a— 1. 

And conversely fif the forces are reciprocally as the 

squares of the radii the periodic times vnU be in the ses- 

r* 1 
qqiplieate ratio of the radii; for here - ^ ;^l therefore 

•a~ ; therefore periodic time a arM . 

Cob. 7. And generally, if the periodic time be as r^, 
and ilierefore the velocity reciprocaUy as r""*, the centri- 
petal force will be reciprocally as r^~* I for here 

Poc - Qc r* : therefore vcc— -.; and force a — a -jt-t 1. 

And conversely I if the forces are reciprocally as r*'"^ 

the periodic times will be as r" ; for here - a -,_j ; there- 

1 r n 

fore i?oc —-7 ; therefore Pa - a r" 1. 



Gob. 8. The same statements with respect to the times, 
velocities, and forces, with which bodies describe similar 
parts of any similar figures about centres of force similarly 
situated in. those figures, follow by applying to these cases 
the demonstrations which have preceded. But in applying 
them we must substitute the uniform description of areas 
for imiform motion, and the distances of the bodies from 
the centres of forces for the radii 

Cob. 9. By the method of proof used in this proposition 
it follows that the arc described in any time by a body 
revolving uniformly in a circle under the action of a given 
centripetal force, is a mean proportional between the diar 
meter of the circle and the space through which the body 
would fall by the action of the same force during the same 
time. 
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SOHOLKIM. 

The case of the sixth Corollary is that of the heavenly 
bodies (as Wren, Hook, and Halley inferred independently); 
and therefore questions relating to a centripetal force 
decreasing inversely as the square of the distance from 
the centre of force, is treated of at greater length in a 
subsequent part of the work. 

Moreover by means of the preceding proposition and 
its corollaries we can determine the proportion of a cen- 
tripetal force to any known force such as that of gravity. 
For if a body revolves by its own gravity in a circle con- 
centric with the earth, this gravity is its centripetal force ; 
and, by Cor. 9 of this proposition, given the space through 
which bodies fall by their gravity in a given time, the time 
of one revolution is known, and the arc described in any 
given time. And it is by propositions of this kind that 
Huyghens in his tract De Horologio Oscillatorio compared 
the force of gravity with the centrifugal forces of revolving 
bodies. 



Prop. V. (Problem I.) 

Given at any points the velocities with which a body 
describes any figure under forces all tending to one com- 
mon centre^ to find that centre. 
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Let the figure described be touched at the points P, 
Q, B, by the straight lines FT, TQV, VR which meet in 
7* and V» Draw PA, QB, RG pcrpendicolar to the tan- 
gents, and reciprocally proportional to the velocities of the 
body at the points P, Q, R at which they are drawn : that 
is, so that PA may be to QB as the velocity at Q to the 
velocity at P, and QB to RG as the velocity at /? to the 
velocity at Q ; at the extremities A^ B, G of these perpen- 
diculars draw AD, DBE, EG at right angles to them and 
meeting in D and E. Then the lines 77>, VE will meet 
in the required centre. 

F<nr the perpendiculars from the centre S on the tan- 
gents PTy QT are (by Prop. I. Cor. 1) reciprocally as the 
velocities of the body at P and Q, and therefore, by con- 
struction, directly as the perpendiculars AP, BQ, that is, 
as the perpendiculars from the point 2> on the tangents ; 
hence it easily follows that S, D, T are ia one straight 
line. 

And by similar reasoning the points S, E, V may be 
shewn to be in one straight line : and therefore the centre 
S is situated at the point of intersection of the straight 
lines 27>, VE. q. e. d. 

iVbte 1. Id this proposition the velocities at three points P, 
Q, J2 of a given orbit are given ; also the orbit being given the 
poritions of the tangents P7, TQF, and i2Fare known. Only 
ihrtt points are tskken in the proof, that number being sufficient, 
as the proof shews. 

NgU 2. It is shewn in the proof that the perpendiculars 
from 8 on PT, Q,T are directly as ^P, BQ, ; that is, directly as 
the perpendiculars from B on PT, QT ; and it is inferred that 
S, Dj T are in one straight line. 

This is easily seen thus : the perpendiculars from S and D on 
FT are to each other in the ratio of the distance of iS^and D from 
the point in which SD produced meets PT ; and these perpendicu- 
lars are, by what has been proved, as the perpendiculars from S 
and D on QT, that is, as the distances of S and D from the 
point in which SD produced meets QT, 
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Hence SD prodaoed is divided by the point in which it meeti 
PT in the same ratio in which it is divided by the point in which 
it meets QT : and therefore SD produced meets PT ^d Q,T m 
]khe same point, that is, in T, 



Pbop. VI. (Thbobbm v.) 

If a body revolve in non-resisting space in any crffii 
dbotd a fixed centre, and describe any indefinitely smaU 
arc in an indefinitely small time; and a sagitta qfths 
tare be dratcn to bisect the chord, and so as to pass through 
the centre qf forces when produced ; the centripetal force 
on the body while describing the arc will he directly as 
the sagitta, and inversely as the square qf the time. 

For the sagitta of the arc described in a given [inde- 
finitely small] time is proportional to the force (by Prop. L 
Cor. 4) ; and as the time increases in any ratio, since the 
arc increases in the same ratio, the sagitta (by Lemma XL 
Cors. 2 and 3) increases in the square of that ratio ; there- 
fore, the sagitta varies as the force and as the square of 
the time. Hence, dividing both sides by the square of 
the time, the force varies directly as the sagitta and in- 
versely as the square of the time. Q. e. d. 

This proposition is also easily proved by Lemma x. 
Cor. 4. 

Note 1. In the proof of this proposition we must suppose 
the same construction and the same suppositions made as in 
Prop. I. ; then, referring to the figure of Prop. I., we have, 
velocity added in each equal interval of time by the impulse to 
Sf proportional to Cc, which is equal to ^F ; but half BV is the 
sagitta of ABC, which is described in a given interval : thus, 
the sagittae of arcs described in equal (indefinitely small) times 
are proportional to the forces. This is the substance of Prop. I. 
Cor. 4. 

^gidn, in the same orbit described by the same body under 
the same forces, the sagitta of an indefinitely small arc through 
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any given point is (by Lanma XI. Cor. 3) in the duplicate ratio 
of the time in which the body describes the arc with the velo- 
city it then has at that point. Thus, ia equal times the sagittsB 
▼uy as the forces : and with equal forces as the square of the 
time : and thertffore, the sagitte of arcs described in varioos 
indefinitely small times under various forces vary conjointly as 
the force and the square of the time. 



Note 2. Again, as in Lemma X. Note 4, a force is mea- 
Bored by the ratio which the measure of the velocity produced 
by it in any given time bears to the measure of the time ; if, 
then, v' measure the velocity due to the impulse at B (fig. 
Prop. L), t the time of describing AB, the force at ^ is mea- 

rared by — • 

Bat f/ is the velocity with which Cc is described in time t; 

Ce 
hence the measure of v' is - ; 

b 

Ce 
therefore, the measure of the force at i^ is -^ , 

J X1-- #-n_ T r. i\ o u sagittaof arc i5(7 

and this (Prop. I. Cor. 4) = 2 x It. 77r-~^-^A -i? j'^t • 

^ '^ (tmie of describmg AB)* 



Note 3. Let Pu be the sagitta to iSf of a small arc QPQ': 
QB^, Q'R subtenses parallel to SP (see figure on next page) : 

then, by Lemma XI., 

L.B. ©22 : Q'i2'=L.B. QP> : Q'/» 

= L. B. Qu» : Q'tt^ (by Lemma VII. Cor. 1) ; 

=1; 

therefore, since Pu is intermediate between QjR and ^Rj 

L.Vi,QR:Pu :QR=l. 
Hence, force at P 

= 2 X lt.77^ TT^^. S7^,= 2 X It. r r- ^ 



(time of describingPQ)' (time of describingPQ)' 

OR 
s=2It.^ , where t is the time of describing PQ. 
* 
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Note 4. By Note 3, since t is the time of describing the 
area PSQ about S, if any carves touch each other' at P and 
pass through Q, the forces to S by which they may be described 
vary (when Q moves up to P) inversely as the square of the 
times of describing equal areas. For QR is the same for all the 
curves, and the areas PSQ are ultimately in a ratio of equality. 




Hence, since these curves have ultimately the same curvature 
at P, the forces to the same centre, at a point in which any curves 
touch each other and have the same curvature, are inversely 
as the square of the times of describing equal areas : that is, 
directly as the squares of areas described in equal times, or 
directly as A* (Prop. I. Cor. 1, Note). 

Cor. 1. If a body P revolving about a centre S de- 
scribe the curve APQ, and the straight line PR touch the 
curve at any point P, and from any other point Q, QR he 
drawn parallel to SP, and QT perpendicular to SP, the 

centripetal force will be reciprocally as - 



QR 



that 



value of this fraction being always taken which it has in 
the limit when the points P and Q coincide. 

For QR is equal to the sagitta of an arc double of the 
arc QP, of which P is the middle point ; and twice the 
triangle SQP, or SP x QT*, is proportional to the time in 
which that double arc is described, and may therefore be 
written for that time. 
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Haie 1. . By Kote 3 of the proposition, QR ia altimately in 
a ratio of equality to the sagitta Pu of an arc QPQ', which is 
ultimately doable of the arc QP, 

Note 2. By Prop. L Cor. 1, Note, 
twice the triangle SQP^^ht : 
therefore SPxQT=ht; 

and force at P=21t. ^, 

nr/7-ou Q^x^' 
ori^-21t.— — ^. 

Cob. 2. For the same reason the centripetal force is 

SY^ X OP* 
reciprocally as the fraction jj^ — > /S'F being the per- 

pendicolar from the centre of forces on the tangent PR to 
the orbit. 

For the rectangles SYx QP and SP x QTsure equal 

Note, L. B. SYxPR : SPx QT= l. b. A SRP : a SQP ; 
tlieiefore l. b. SYxPQ : SPxQT=l ; 

QRxh* 



hence force at P=21t. 



thus 2^=2 It. 



SP'xQT'* 
SY» X QP^ ' 



' Gob. 3. If the orbit either is a circle, or touches or 
cots a circle concentrically, that is touches or cuts the 
circle at the least possible angle ; having the same curva- 
tiire and the same radius of curvature at the point P ; and 
liPVhe the chord of this circle drawn through the centre 
of forces, the centripetal force will be reciprocally as 
ST^xPV. 

For Pr is the limit of ^ . 
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Note 1. Let ^^ be a small arc of a curve ; and let a circle 
be described passing through A and B, and having at A the 
same tangent ^i> as the curve : this circle touches or cuts the 
curve at the angle BAD. 




Now let B move up to and coincide with A : the limiting 
position of this circle will touch or cut the curve at the least pos- 
sible angle ; this limiting circle is concentric and coincides with 
the circle of curvature at A, and in this sense touches or cuts 
the curve concentrically. 

Note 2. If on passing from A to B the curvature of the 
curve remains constant, AB coincides with an arc of the circle of 
curvature; but if it diminishes, AB falls between AD and the 
circle of curvature ; if the curvature increases from A to B, the 
circle of curvature falls between A I) and AB, 

In general, in any indefinitely small arc BA B', the curvature 
is either continuously increasing or continuously diminishing 
from ^ to ^' ; and thus, if the curvature increases from ^ to ii, 
it diminishes from B to A \ and vice verad. Hence, the circle of 
curvature, in general, falls between the curve and its tangent at 
one side of its point of contact, and inside the curve on the other 
side of the point. In this sense the circle of curvature in general 
cuts the curve at the point of contact. 

The only cases in which the circle of curvature touches the 
curve at the point of contact, in the sense of falling outside the 
curve on both sides, or inside the curve on both sides of the 
point, are the cases in which the curvature of the curve increases 
as we proceed in both directum^ from the point, or diminishes aa 
we proceed in both directions ; that is, at points of minimum at 
maximum curvature. 

Note 8. Describe a cnot touching the curve at P and cutting 
it at Q, and meeting PS produced in F: then L Q,PR=lPV(l 
(Euc. III. 32); and Zi2QP=Z QPF: thus AP^is similar to 
aPFQ; 

therefore PV . PQ^PQx PR; 

PQ^ 
hence ^^^~^* 
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and P7 n ultimately the chord through S of the cdrde of ourva- 
tme, or, in the ^rordB of the Corollary, of the circle which touches 
or out! the carve coucentrically. 




And force =2 It. ^^^^ (Cor. 2), 

Cob. 4. Under the same drcumstances (as in Cor. 3}f 
the centripetal force varies directly as the square of the 
vdocity and inversely as the chord P K. 

For the velocity is inversely as the perpendicular SY, 
V Pk^ I. Cor. 1. 

A* 
Note 1, ThuB force =2 It. ^^5 — inf (Cor. 3, Note 3), 

otF^P (Prop. I. Cor. 1, Note). 

KoU 2. Let « be the space through which the force F, if it 
ranained constant, would be required to draw the body from rest 
in ordor to give it the velocity t; ; this space is called the spact 
imef^ihe velocity v. 

Now «»=2F«, 

and by Note 1, v^=F^; 

PV 
therefore «=— -: 
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hence, the space due to ike velocity (U any point of an orbit de^ 
scribed about any centre of force ia one-fourth of the chord of 
curvature through the centre of force. 

Cor. 5. Hence if any cunrilinear figure APQ be ghren, 
and also the point /S in it to which the centripetal force con- 
tinually tends, we can find the law of the centripetal force 
by the continuous action of which any body P may be 
drawn from its rectilinear course, and made to move in the 
perimeter of that figure, and to describe it as an orbit. In 

fact we have simply to find the yalue of ^^ or of 

aS'F'xPF', which are reciprocally proportional to this 
force. Examples of this will be given in the problems 
which follow. 

Note, And hy Cor. 1, Note 2, the measnre of the force is 
given by 2 Umit gp^:^^ > or, by Cor. 3, Note 3, by ^ya^pr 

where PV is the chord of curvature through the centre of 
forces S, 

Prop, VII. (Problem II.) 

A body moves in the circumference qf a circle : re^ 
quired t/ie law of centripetal force tending to any given 
point. 

Let VQPA be the circumference of the circle, S the 
given point to which the force tends as its centre; P u 
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pdnt on the drcamference at which tho body has arrived, 
Q a point verj near to P towards which the body is 
moving, and PRZ the tangent to the circle at P. 

Throogh the point S draw tho chord PV\ draw the 
diuneter VA and join AP ; draw QT perpendicular to 
SP meeting the tangent PR in Z ; and, lastly, through Q 
draw LR parallel to SP and meeting the circle in Z, and 
the tangent PZ in R, 

Then, from tho similar triangles ZQR, ZTP, VPA^ 
RP^{=RQxRL) : QT^=AV* : PV\ 

AV^ "~ ' 

SP* 
Multiply both these equals by ^^ , and, as the points 

P and Q coincide in the limit) write P V for RL, 

. SP*xPV* SP*xQT^. ^, ,. .^ 

' • "A r^~ = ~~Wi — "" ^^"^ ^"^'^ 

Therefore (by Prop. VI. Cors. 1 and 5) the centripetal 

SP^ xPV^ 
fiwce IS inversely as — ~Tv^ — ' ^** ^ (since -4 F is 

given), inversely as the square of the distance SP and the 
cube of the chord P V, q. e. i. 

Note 1. The triangles ZTP, VPA are similar by Euc. m. 32, 
•s in Prop. VI. Cor. 3, Note 3. 

NifU 2. The law of the force is found in this proof by the 
expression for it in Prop. VI. Cor. 1. 

The measure of the force is found by Prop. VI. Cor, 1, 
Kote 2 ; thus, 

QRxh^ 



force at 7^ = 2 It. 



SP^ X QT^ ' 



QR AV* ' 

•*^ ^^ SP^ X QT* ~SP^xPVi ^^ P^°^^^ >^ *^« Proposition) ; 

hence force at P=^^—^^, 
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Note 3. The measure of the force is often found to consist 
of two factors, one factor depending on the position of the body 
with respect to the centre of force, and the other factor constant 
for all positions of the body. The constant factor is usually 
denoted by fi. 

Thus in the above expression, 



the force at P=- 



where /*= 247a X A*. 

Another Peoof, 

Draw /SF perpendicular to the tangent PiZ produced ; 
then from the similar triangles 8YP, VPA, 

AV : PF :: SP : JSY, 

SPxPV 



" AV 

SP^PF^ 
AV^ 



=SY; 



=SY^xPF 



Therefore (by Prop. VI. Cors. 3 and 5) the centripetal 

jSP^ xPV^ 
force is inversely as jr^a — > ^^^* ^s, since ^ Fis giyen, 

inversely as SP^ xPV\ q. e. i. 

Note, In this proof the law of force is found by Prop. VI, 
Cor. 3. 

The expression for the force is found thus by Prop. VI. 
Cor. 3, Note 3. 

PorceatP=21t. ^y,^^'^^ 

2^F«xAV ..; ^ 

Cob. 1. Hence if the given point J3, to which the 
centripetal force always tends, be situated on the circum- 
ference of the circle as at F, the centripetal force will be 
inversely as the fifth power of the distance SP. 
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Cob. 2. The force by which a body P is made to 
rerolTO in the circle AP TV Ahont a centre of forces Sy is 
to the force by which the same body P may be made to 
rerolre in the same circle and in the same periodic time 




about any other centre of forces R as RP^ x SP to SG* ; 
wheare SG is a straight line drawn from the first centre of 
forces iS'to the tangent PG to the orbit) parallel to RP 
the distance of the body from the other centre of forces. 

For, by the proposition, the former force is to the latter 

mRP^xPT^toSP^xPV*, that is, as ^P x i2P» is to 

SP^xPV* 

— -pj^ — , or (since the triangles PSG, TP Fare similar), 

uSPxRP^htoSG^. 

NifU 1. On referring to the figure and proof of Prop. I., it 
it seen that the force at any point B is known if Cc is known, 
and the interval of time between successive impulses: or by 
Cor. 4, if the sagitta of an indefinitely small arc is known, and 
the time of describing the arc ; or again, by Prop. VI. Note 3, 
if the labtense QR be known, and the time t of describing PQ, : 

the force being in all cases proportional to the limit of — ^ . 

This expresrion is proportional to the force at any point of any 
orint^ to that the forces at different points of the same orbit and 
at any points of different orbits are all proportional to the limits 
of this expression in the different cases. 

When, as in the Corollaries to Prop. VI., and in the sue- 
seeding i^^plications of them, expressions are obtained by sub- 
s tittttiu g for the time t of describing PQ, the ftrea PSQ ahoui 



70 NewtofCa Prindpia. 

8t which is proyed io Prop. I. to be, in any given orbU described 
about a fixed centre of forces, proportional to the time, it mnft 
be remembered that this proportionality is only true for the lame 
orbit, described in the same manner by the same body ; in dif- 
ferent orbits the areas described in equal times differ in general : 
and thus the expressions so obtained are only in general appli- 
cable for comparing the forces at different points of the same 
orbit. 

If two bodies describe the same orbit in the same periodic 
time, they wiil describe any given fraction of that orbit in the 
same fraction of the periodic time ; that is, they will describe 
any the same area in the same time ; henoe the expressions ob- 
tained in the Corollaries to Prop. YI. are available for oomparing 
at any points, the same or different, the forces with which bodies 
are acted on which describe any the same orbit in the same periodic 
time. 

Note 2. By Prop. I. we have, in any orbit abont a fixed 
centre of forces, 

area PSQ area described in V area of orbit 



t" 1 periodic time in seconds' 

or, if the periodic time in seconds be P, and A=2xarea de- 
scribed in one second, 

2 area PSQ . 2 area of orbit 
i =^= P • 

Thus the expressions for the force in the Corollaries, found 
by substituting for t the area PSQt are available for oompariog 
forces at points of the same or different orbits provided A is the 
same ; or, provided the area of the orbit and the periodic time 
are the same (or proportional) in the two cases. 

Cor. 3. The force by which a body describes any orifU 
about a centre of forces S, is to the force by which tiie 
same body P can be made to describe the same orbit in 
the same periodic time about any other centre of foroes Rf 
as SP X BP^ — ^that is, the product of the distance of the 
body from the first centre of forces S, and of the square of 
the distance from the second centre of forces i? — to the 
cube ofSG, which is the line drawn from the first centre S 
to the tangent PG to the orbit, parallel to the distuice 
HP of the body from the second centre of forces. 
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For the foroes in this orbit at any point of it| P, are 
the same as in a circle of the same corvature. 

* iVbte. The prooft of Prop. VII. uid of ita Corollariei 1 and 2 
apply to any orbil, the circle referred to in the proot and in the 
renilti haing the circle which touches the curve at P and patscs 
tivoyg^ Q, or the limit of thi^t circle when Q movea up to P, 
that la, the circle of curvature at P, 

For 8P, QTand QR are the same for the curve and the circle, 

SP*x QT* 
aady therefore, the Umit of - ^ ^ — , on which (Cor. 2, Note 2) 

thaezpreaiion for the force depends, is the same for both. 



Prop. VIII. (Pkoblbm III.) 

A body moves in a semicircle PQA ; to find the law of 
emtripetdl force tending to a point S which is so distant 
tha^ atl lines, as PS, RS, drawn to it may be considered 
parattel. 




From the centre C of the semicircle draw the semi-' 
diaineter CA catting those parallols in M and N; and 
joinCP. 

Because the triangles CPM, PZT and RZQ are similar, 

(7P» : PM^ :: PR" : QT*; 

and (Eac. m. 36) 

PE^=QRx{RN-\-QN); 
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0r, when the points P and Q coincide, 

•'• C^ "" 6'P^ ' 



and 



QT*xSP* 2PM^ xSP^ 
QR " CP* 



Thei^fore (by Prop. VI. Core. 1 and 6), the centripetal 

force IS inversely as r™ ; that is (neglecting the 

2aSP^\ 
constant ratio yrp2" )> inversely as PJH^. Q. e. i. 

The same result is also easily obtained by means of the 
previous proposition. 



Note 1. The measure of the force is (Prop. VI. Cor. 1, 
Notel) 

" SP^xQT^' 
which in the case of this Proposition is shewn to be equal to 

Ji^x_CP* 
PM^ xSP^ ' 

thus ^^^^-jT/ifl J ^^«re M-^—^pT- • 
ScnoLIVH. 

And by somewhat similar reasoning it can be shewn 
that a body may be made to describe an ellipse, or even 
a hyperbola or a parabola, by a centripetal force which 
varies inversely as the cube of an ordinate drawn towards 
a very distant centre of forces. 
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Prop. IX. (Pboblsh IV.) 

A body revolves in a spirctl PQS which cuts all the radii 
BPy 8Q, &C. in the same given angle — {an equiangular 
spiral); to find the law cf centripetal force tending to the 
centre of the spiral. 




GiTen any indefinitoly small angle PSQ, the form of 
the figure SPRQT is given, since all its angles are given. 

Therefore the ratio ^ is given : and ^^ is as QT; that is 

(once tiie form of the figure is given), as SP, 

Kow let the angle PSQ be changed in any manner; 
tiben QR, which subtends the angle of contact QPR, will 
(by Lemma XI.) be changed in the duplicate ratio of PR, or 

of QT. Therefore ^^^ will remain the same as before, 

that 18, proportional to SP. 

QT*xSP* 
Therefore ^p — varies as SP^ : and thus (by Prop. 

VI. Cors. 1 and 6) the centripetal force varies inversely as 
the cabe of the distance SP. q. e. i. 

Anotheb Proof. 

The perpendicular SY on the tangent and the chord 
PFof the circle concentrically cutting the spiral (that is, 
of tlie circle of curvature at P), are to the distance SP in 
giren ratios; and thus SP^ varies 2is SY^xPF, that i& 
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(by Prop. VI. Cors. 3 and 5), inyersely as the centripetal 
force. 

Note 1. Def. An equtangtdar spiral is a curve whidi cuts 
aU radU from a certain point called the focus at the same angle : 
and this angle is called the angle of the spiral. 

Given any radius SP of an equiangular spiral, the curve is 
known through P for any distance in either direction, if the 
angle of the spiral is known : hence if SQ be taken making a 
given angle with SP, the figure SPRQT is completely known; 
and its angles (and the angles of all the triangles into which it 
can be divided) and the lengths of its sides depend only on SPy 
the angle of the spiral, and the angle PSQ, The angles of this 
figure are therefore known in terms of the angle of the spiral 
and the angle PSQ \ and the sides in terms of SP and those 
angles. 

Hence, if in any the same equiangular spiral an angle PSQ 
be given, all the angles of all the triangles into which the figure 
SPRQT is divided are given, and the ratios of the sides to each 
other : the figure is therefore given in respect to its angles and 
the ratios of its sides, but not in the absolute magnitudes of the 
sides ; this is what is meant in the Proposition by the form of 
the figure being given. 

Note 2, llie angles of the triangle SPY Bxe known, the 
ansrle of the spiral being known, and therefore the ratio of SY to 
SP is given. 

Again, the circle touching PY in P and passing through Q 
18 given in magnitude and position if the angle PSQ^ the angle 
of the spiral, and SP are given : hence P F is known in termf of 
SP and those angles, and therefore the ratio of P F to SP is 
given in terms of the angle of the spiral when the angle PSQ 
vanishes, that is when PF becomes the chord through S of the 
circle of curvature. 

Note 3. To find the expression for the force to the focus by 
which an equiangular spiral is described. 

By Prop. VI. Cor. 3, Note 3, the force to ^=oya — pv» 

let the angle of the spiral = a ; then SY^SP sin a ; 

2A« 
and force to S=^-^^ — fp= — r-j- • 

SP* xPVx Bin* a 
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Id 



To find PF. 

An equiangnUr ipinl is the limit of a polygon, the linea 
jmning iHioee angular points with S form a number of ■imilar 
trianglee (Note 1). 




Let P8B, BSC be two sncceaive triangles of the series into 
wluoh the polygon is divided, so that ^PSB^lBSC; and 
l8PB=iSBC: draw CFparaUel to BS meeting PS produced 



Then 



and 



« • 



l8PB=iSBC; 
.\ IB SPB, SBP=iPBC; 
lPSB=i PVC; 
U SPB, SBP, PSB=l8 PBC, PVC; 
thns zs PBC, PVC =^2 right angles ; 
therefore the circle through P, B, C passes through V, 

Now the limit' of the circle through P, B^ (7 is the circle of 
curvature when P, B, C coincide. 



dn, because SB makes equal angles with SPf SO; and VC 
k paimllel to SB ; 

.-. z CVS=i VCS, 

.-. SV=SC=SP ultimately. 

Hence PV the chord of curvature at P through S=2SP ; 

therefore force to S= 



where /i = • -«— 



SP»xPVxan* 


a 


&» 




SP» X 8in« a 




A* 




Spi' 




A« 




• • • 
sm' a 
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Note 4. In this case, and in all oases in which the yariable 
factor in the expression for the force is some power of the dis- 
tance of the body from the centre of force, the constant factor fi 
is the absolute force (Def . 6, Note). 

Lemma XII. 

All parallelograms described about any conjugate dia- 
meters of a given ellipse or hyperbola are equal to one 
another, 

(See Besant's Conic Sections, pp. 69 and 113.) 

ft 

Peop. X. (Problem V.) 

A body moves in an ellipse; required the centripetal 
force tending to the centre of the ellipse* 

Let CAy CB be the semiaxes of the ellipse ; OPj DK 




any conjugate diameters ; PF, Q 7* perpendiculars on those 
diameters ; Qv an ordinate to the diameter GP ; then, 
completing the parallelogram QvPRy we have (Besant's 
Conic Sections, page 66, Prop. XX.), 

Pv.vG : Qo* :: PC^ : CD^; 

and, from the similar triangles QvT, PCF, 

Qv^ : QT^ :: PC* : PF*; 

.'. componendo, 

Pv,vG : QT* :: PC* : CI>*.PF*, 
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Par P0 pat QR^ and (by Lemma XII.) BC. CA for 
CD.PF; and (as the points P and Q coincide} 2PC for 
9Gj and we hare 

2PG • ^^ •• PC^ ' BCrCA^ 

' QR " • PC^ * 

QT*,PC* _ 2B(P.CA^ 
QR " PC ' 

Therefore (by Prop. VI. Cor. 5) the centripetal force ia 
InrerBely as —^ — ; that is (since 2BC^ , CA* is 

giTon), inyersely as pp, or direcUy as the distance PC, 

Q. E. I. 



Note 1. The expression for the force is 

2 ^ CP^-^Tor =2 ^*- 2^C«Tcr^ <^^ *^^ Proposiuoo) 

=fiCP; 



vhera /a= 



^ofe 2. Since 

A 2 X area of the ellipse ^ .^tt n o vr x o\ 

-- = —j.—r. ^— (Prop. VII. Cor. 2, Note 2) 

1 periodic tune ^ 

_ 2irACxBC 
~P ' 



A*= 



AC^xSU'' 



— pa » 
and foirce=-^ CP, 
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Note 8. The forces at different points of the same elGpm 
described about a centre of force in the centra vary as the dis- 
tance of the body from the centre. 

The forces at points of different ellipses described about 
centres of force in the centre vary as the distance directly, and 
the square of the periodic time inversely. Hence, in elUpses 
described about the centre in the same periodic time, the forces 
at all points vary as the distance. 

Cob. 1. The force therefore varies as the distance of 
the body from the centre of the ellipse. And ocmyersdy, 
if the force vary as the distance the body will move in an 
ellipse whose centre is at the centre of the forces ; or else 
in the circle which the ellipse may become in a particolar 
case. 

Note 1. Since the circle is a particular case of the ellipse, 
the forces to the centre by which bodies describe different oindes 
vary as the radii of the circles directly, and as the squares of the 
periodic times inversely (see Note 3 to the Proposition) ; and, if 
the periodic times are equal, the forces to the centre by which 
different circles are described vary as the radii of the circles. 

Cor. 2. The periodic times of all bodies which describe 
ellipses about the same centre of force in the centre of the 
ellipses will be equal. 

For (by Prop. IV. Cors. 3 and 8) the periodic times are 
equal in similar ellipses ; and in ellipses having the same 
major axis the periodic times are directly as the whole 
areas of the ellipses and inversely as the portions of the 
areas which are described in equal times ; that is, directly 
as the minor axis, and inversely as the velocities at the 
extremity of the m^or axis ; that is, directly as the minor 
axis, and inversely as the ordinates at the same point of 
the coihmon major axis : or (since these ordinates are as 
the minor axes) in a ratio of equality. 

Note 1. In this Corollary the periodic times in any two 
ellipses A and B about the centre are compared by comparing — 
(1) the periodic time in A, (2) the periodic time in B — with that in 
an ellipse similar to A, and having a major axis equal to that of JL 
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Aote fi. If P 18 the periodic time (in tecoods) in an ellip«e 
whoee mi^ udi if giyen, aboat a centre of force in the centre, 

P 11 

2 X area of ellipse ~~ 2 x area de8<3ribed in 1" h' 

- area of ellipse BC . ^ . 

»•. Pec !-- a -T- , nnce AC u giyen. 

And if F is the velocity at the extremity of the major axis, 

h= VxACcc F, since ilC is given ; 

and the velocity F varies as the arc described in a given 
indefinitely small time, or as the ordinate (Lenmia YII. Cor. 1) 
oorre^wnding to a given indefinitely small abscissa from A ; and 
SQch ordinates in different ellipses are as the minor axes. 
Thus h oc BC ; and therefore P is constant. 

Orthns ; — by Note 2 to the Prop. P*= - ; and therefore the 
periodic times are all equal if ;» is given. 



ScnOLIITM. 

If the ellipse is changed into a parabola by its centre 
being removed to an infinite distance, the body will move 
in this parabola ; and the force tending to a centre at an 
infioite distance becomes constant. Tnis is Galileo's theo- 
rem. And if the parabolic section of the cone, by varying 
the inclination of the plane, be changed into a hyperbola, 
the body will move in the perimeter of this hyperbola with 
a centrifugal in place of a centripetal force. 

And jost as in a circle or an ellipse, if the forces tend 
to the centre of figure^whicb is a point on the abscissa-— 
and if the figure be altered by increasing or diminishing 
the ordinates in any given ratio, or by changing the angle 
of inclination of the ordinates to the abscissa, the forces 
are in all cases increased or diminished in the ratio of the 
distance from the centre, provided the periodic times re- 
main unchanged ; so, in any figure whatever, if the ordi- 
nates be increased or diminished in any given ratio, or 
their angle of inclination to the abscissa be changed, the 
periodic time in the new figure being the same as in the 



80 NewiorCs Principia. 

old ; the forces tending to any point whatever on the ab- 
scissa as centre, will be changed, in the case of each ordi* 
nate, in the ratio of the distance from the centre. 

Note, Let PR be the tangent at P to the small arc PQ of 
any curve described about a centre of force C : draw CD parallel 




to PR, and = J^PYx OP, where PK is the chord of curvatur* 
at P through C, Then P F is also (£esant*s Conic Sections, 
Art. 162, Cor. 3) the chord of curvature at P of the ellipse 
whose centre is C, and of which CP, CD are semi-conjugate 
diameters. 

Now the forces at P to (7 by which the ellipse and curve 
may be described in equal periodic times are to each other 
(Prop. VI. Note 4) as the squares of the areas described in 
equal times, and therefore as the squares of the whole areas of 
^he ellipse and the curve. 

Now let the ordinates of the curve and ellipse be all changed 
in either of the ways mentioned in the Scholium : in each case 
the areas of the curve and ellipse are altered in the same ratio 
(see Lemraa IV. Appendix) ; idso the ellipse still becomes an 
ellipse vHith centre C, And since the limiting position of a 
secant through P of the curve and ellipse is the same for both, 
being the common tangent at P, the limiting position of the coire- 
sponding secant to the altered curve and ellipse is the same for 
both^ and is a tangent at the point (p) corresponding to P \ and 
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the Tiwii<:ttigr position of the circle touching at P, and pasting 
throagh a point near P of the corre or ellipse, is the same for 
both, and becomes in the altered figure an ellipse having the 
same corvatare as each of the altered figures at the point of 
contact. 

Thns the ellipse and curve have, after the alteration of the 
ordinates as in Uie Scholium, the ratio of their areas unaltered, 
and still have a common tangent and common cucyature at the 
point p corresponding to P. 

Hence the forces at |> to c by which the altered ellipse and 
oorve are described in the same periodic time are to each other 
as the squares of their areas, — that is, as the squares of the areas 
of the original ellipse and curve, or, by what was proved, as the 
forces at P to (7 by which these curves are described in equal 
periodic times. 

Therefore 
force at P in original curve : force at P in original ellipse 
= force at p in altered curve : force at |> in altered ellipse. 

And hence the forces at P and p in the curves are to each 
other as the forces at P and p in the ellipses, or as CP to Cp ; 
the periodic times being equal. 



X.K. 



SECTION III. 

On the Motion of Bodies in Excentrtc Conic 

Sections, 



Pbop. XI. (Pkoblbm VI.) 

A body revolves in an ellipse; required the law qf 
centripetal force tending to one oftJiefocL 




Let 8 be the focus. Draw SP catting the conjugate 
diameter 2>irof the ellipse in E, and its ordinate Qvmx} 
and complete the parallelogram "QxPR. 
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Then PEh equal to tbe semi-axis miyor AC (Besant's 
ChnicSf p. 58). 

Draw QT perpendicular to SP. Then the centripetal 

'orce to S varies inversely as the limit of ^^ — , when 

2 and P coincide (Prop. VI. Cors. 1 and 5). 

I^ow QR : Pv^Px : Pr, 

= PB : PC, 
^AC : PC 

Again, if the normal at P meet DKin F, 

QT* : Qx'=PF'^ : PE* 
^PF* : CA* 
= CB^ : (7i>2 {Conies, p. 69) ; 

ind Qa^ : Qt^ is a ratio of equality when Q and P coin- 
dde (Lemma VII. Cor. 2) ; 

Jgo Qv^ : Gv.Pv=CI>^ : CP^. 

Therefore, compounding these ratios, 

QT* : Gv.Pv=CB* : CP^; 

mt €h,Pv : 2CP.Pv is a ratio of equality when Q and 
P coincide ; hence ultimately 

QT*.CP^=C]5*x2CP,Pv; 

,^ ^ QT* WB" 

tteefore p^^'gp' 

jp-j rip 

and, Irom above, o^ = /rj; 

^—1 
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therefore It. ^^^ = -g^ =L (a) ; 

where L is the latus rectum of the ellipse. 

Thus ^^^= — =LxSP*: 

and force varies inversely as Z x SP\ or inversely as the 
square of the distance SP. q. e. i. 

Note, Hence, measure of the force to the focus of an 
ellipse 

= 2 It. sp^xQT^ ^"'P- ^'^ ^°^- ^' ^"^'^^ 
- '^i, where /i = -j^. 



5i»' r- 2, 



Another Pboof. 

8ince the force tending to the centre of the ellipse, 
by which the body P can be made to revolve in the ellipse, 
varies (by Prop. X. Cor. 1) as the distance CP of the body 
from the centre C, draw CE parallel to the tangent PR. 

Then the force, by which the same body P can be 

PE* 

made to revolve about any other point S, varies as ^p, (by 

Prop. TIL Cor. 3); that is, if She & focus of the ellipse, 
and PB therefore constant, inversely as SP*, q.b.1. 

We may proceed in the present case with the same 
ease as in Problem Y. to extend it to the case of motkm 
in a parabola or hyperbola ; but on account of the import- 
ance of the problem, and of the use that will be made of 
it, it will be desirable to confirm the other cases by inde- 
pendent proofs. • 
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Prop. XII. (Pboblem VII.) 

A body moves in a hyperbola: required the law qf 
centripetal force tending to one of the foci. 




Let CAj CB be the semi-axes of the hyperbola : PG, 
2>K any conjugate diameters : PJF* perpendicular to DK\ 
and Qv an ordioate to the diameter GP, 

Draw SP cutting the diameter DK in E and the ordi- 
nate Qpimx^ and complete the parallelogram QRPx, 

Then PE is equal to the transverse semi- axis AC 
(BesanVs Conies^ p. 99). 

Draw QT perpendicular to SP, Then the centripetal 
force to S varies inversely as the limit of — -^^ — , when 
Q and P coincide (Prop. VI. Cors. 1 and 5). 



Now, 



QR : Pv=Px : Pv, 
=PE : PCy 
=AC : BC, 
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Again, QT^ : Qa^ = PF^ : PE\ 

= CB' : CD^ (by Conies) : 




and Qa^ : ^' is a ratio of equality, when Q and P coin- 
cide ; (Lemma VII. Cor. 2.) 

also, Qv^ : Gvy^Pv^-CD^ : CP*. 

Therefore, compounding these ratios, 

QT^ : GvxPv=CB* : CP^: 

but G-D X Pv is in a ratio of equality with 2CP x Pv when 
Q and P coincide ; 

.-. QT*xCP^=CE^xlCPxPv\ 

•'• Pv ~ GP ' 

^ ^ , Pv CP 

and, from above, 



QR AC* 
therefore It. -y^-^ = .^ = Z 



QR AC 

where Z is the latus rectum of the hyperbola : 

SP^xQT* 



(«), 



QR 



^LxSP^; 
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th6re&>re force yaries inyersely as Z x SF*, or iawenely as 
the square of the distance SP, q. e. i. 

Noic Hence the measure of the force to the fooui of a 
hyperbola 

= ^pi» where /t=^. 



AXOTHEH PeOOP. 

Find the force tending to the centre C of the hyper- 
bola ; this wUl be found to be proportional to CP, 

Hence (by Prop. VII. Cor. 3) the force to the focus S 

PE^ 
will vary as -qpi ; that is, since PE is constant, inversely 

9SSP*. Q.B.I. 

In the same manner it may be shewn that if this centri- 
petal force be changed into a centrifugal the body will 
move in the conjugate hyperbola. 



Lemma XIII. 

j?%^ parameter qf any diameter qf a parabola is four 
times the focal distance of the vertex of that diameter, 
(ConicSy p. 32.) 



Lemma XIV. 

The perpendicular from the focus of a parabola on 
any tangent is the mean proportional between the dis- 
tances qf the foetus from the point of contact and the vertex 
qf the parabola, (Conies, p. 23.) 

Cob. L SP^ : SY*=SP : SA. 
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Cob. 2. Since SA is constant SY^ yaries as SP* 

Cob. 3. The perpendicular from the fociu <m any tan- 
gent meets it on the tangent at the vertex. 



Pbop. XIII. (Pboblem VIII.) 

A body moves in a parabola: required the law (^ 
centripetal force to the foetus. 




Let the tangent PM at any point P meet the ^Tif of 
the parabola in M : draw /S'y perpendicular to PJtf, 

From a point Q very near P, draw QR parallel and 
QT perpendicular to SP : and Qv parallel to the tangent 
meeting the diameter PG in v, and SP in x. 

Then, from the similar triangles Pxv, SPM^ t 8 p^ 
SP^SM, Px {or QB)=Pv. 

Again, Qv^ = 4SP x Pv (Lenama XIII.) 

= 4SPxQR, 

And in the limit when the points Q, P coincide^ Qv is 
to Q;r in a ratio of equality ; therefore in the limits 

Qar^^^SPxQR. 
And by similar triangles QxT, SP F, 

QT* : Qaf'=SY* : SP' 

=:SA : SP (Lemma XIV. Cor. IX 
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or in the Hmit 

QT* :4SPxQR=4SAxQE : 4SPxQR; 

.'.\t^=^A («); 

.. ^^ — =^4SAxSP'; 

or, Bince 4SA is constant, the centripetal force (by Prop. 
YI. Cors. 1 and 6) varies inversely as the square of iho 
distance SP. q. e. i. 

Note. Heooe the meMore of the force to the focus of » 
parabola 



SP*' 



where M=^, [or ^jj. 



Cob. 1. From the last three Propositions it follows that, 
if a body P be moving at the point P in any direction PR 
with any velocity whatever, and is at the time under the 
action of a centripetal force varying inversely as the square 
of the distance, it will move in a conic section having a 
Ibcas in the centre of force ; and conversely. 

For given a focus, a point of contact, and the position 
of 'Uie tangent at the point, a conic section can be de- 
scribed having a given curvature at that point. Now the 
corrature is given by the centripetal force and the velocity 
of the body being given : and there cannot be two orbits 
touching each other described with the same velocity and 
the same centripetal force. 

[For the centripetal force is that which deflects the body 
towards the centre of force ; and a body which is moving 
from a given point in a given direction with a given velo- 
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city, and is deflected in a given manner, h^ obviously its 
whole motion given, and can describe but one orbit.] 



Note. Given the focus and three points of a conic the direc- 
trix can be found (Besant'a ConicSy p. 215, Prop. V.): hence by 
making the points move up to one another, we see that a conic 
can be described having a given focus, touching a given straight 
line at a given point, and having a given curvature at that point. 

In the case of this Corollary, we have v and p given, and 
therefore h (Prop. I., Cor. 1, Note) ; and by Prop. VI. the force 
at any point is known if A, p, and P V are given ; and hence con- 
versely P r(and therefore the curvature) is known when h, p, and 
the force at P are known, as in the case of this Corollary, 

If then a conic be described having the given centre of force 
as a focus, and passing through the given point, and having the 
given tangent and curvature at that point, it may by the present 
and preceding Propositions be described by a body under the 
action of the given force, varying inversely as the square of the 
distance. 

Also, the motion of a body starting from a giv^ point with 
a given velocity depends simply on the force at that point and the 
law of variation of the force, and is therefore completely deter- 
mined if these are given. 

Thus not more than one orbit can be described under the 
given conditions ; and the body will therefore move in the conic 
section found above. 

CoR. 2. If the velocity with which a body moves at P 
be that with which a body can describe the very small 
straight line FB in any given very small time, and the 
centripetal force is such as could move the body in the 
same time through the space QB, the body will move in 
some conic section, the latus rectum of which is the limit 

of %rn- when PR and QR are diminished indefinitely. 

In this Corollary a circle is reckoned as a particular 
case of an ellipse ; and the case of motion in a straight 
line to the centre is not included. 
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Note, The orbit Tvhich the bodj will dessribe has been 
proved in Cor. 1 to be a Conic Section. 

And it has been proved for all the Conic Sections that 
It. /rs — ^t ^^^ latus rectum [see equations (a), Props. XI. » 

xiL. xin.]. 

Prop. XIV. (Theorem VI.) 

jjy any number qf bodies revolve about a common 
centre, and the centripetal force to that centre vary in- 
ver$ely as the square qfthe distance from it; the latera 
recta qfthe orbits are as the squares of the areas described 
in equal times by radii drawn from the bodies to the 
centre. 




For (by Prop. XIII. Cor. 2) the latus rectum L is equal 
to the limit of -— ^ when P and Q coincide. 

But the indefinitely small line QR described in a given 
time in the direction SP, is in the limit as the centripetal 
force which produces it, i, e, (by hypothesis) inversely as 
SP*. 

Therefore ^^ varies 2aQT^x SP^ ; that is, the latus 
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rectam Z as the square of the area ^QTx SP described in 
a given time. q. e. d. 

Note 1. In the figure to the present Proposition, let QR he 
the subtense of an arc PQ of one of the orbits, described in any 
given indefinitely small interval of time t. 

Then (Prop. YI., Note 8) the forces in the different orbits vary 

QR 
as It. --^ ; or, since i is given, as It. QR. 

Note 2. Since in each orbit the areas described are propor- 
tional to the times, the ratio of areas described in equal thnes 
in any two of the orbits is independent of the time ; and there- 
fore the ratio of areas described in the two orbits in a given 
indefinitely small time is equal to the ratio of areas described in 
any the same finite time, and is the ratio of A : A', if A, ^' are 
twice the areas described in the two orbits in a unit of time* 

Cor. Hence the whole area of an ellipse (also the rect- 
angle contained by its axes, which is proportional to this 
area) varies in the ratio of the periodic time and in the 
subduplicate ratio of the latus rectum conjointly. 

For the whole area is proportional to the product of 

the area g^QTx SP described in any given time, and the 

periodic time. 

NoU 1 . The area of an ellipse — irAC . BC (Appendix, 
Lemma IV.). 

Note 2. The whole area is equal to the product of the area 
described in a unit of time, and the periodic time (Prop. I.). 

Also from Prop. XIV. the area described in a unit 'of time 
varies as square root (or in the subduplicate ratio) of the latus 

rectum. — . 

•0 

Note 8. In any orbit about a fixed centre of forces, if P be 
the periodic time, 

AP=2 X area described in time P (Prop. I, Cor. 1, Note) 

= 2 X area of the orbit ; 
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■lao by tibe preceding Propodtions, if the force vary inversely as 
the aquMe of the diBtance, the orbits will be conic sectionB with 
the oeDtre of force in the centre; and if Z be the latua reotam in 

one of these orbits, the abeolate force ft,= —.-. 



Thus, area of the orbit=-5- = — v ^ • 



Prop. XV. (Theorem VII.) 

J[f any number qf bodies revolve about a common 
eerUre, and the centripetal force to that centre vary in- 
versdy as the square qfthe distance from it; the periodic 
times in the ellipses are to each other in the sesquiplicate 
ratio qf the mqjor axes. 

For V 4BC*=2ACxL, 

.-. (2^ax2^C)«=8^C7>xZ; 

.-. 2ACx 2BC varies as (2^(7)* x Z* : 

bat (by Prop. XIV. Cor.) the rectangle contained by the 
axes yarics as L^ and the periodic time conjointly : there- 
fore the periodic time varies as (2^C7)". q. e. d. 

Ntit. As in Prop. XIV. Cor., Note 8, 

2 X area of orbit=AP= V^ • P» 

or 2irAC x BC= V^^- P ; 



therefore P 



jUSJ-^ 



Gob. The periodic times in ellipses are the same as in 
circles whose diiameters are equal to the m^or axes of the 
ellipses. 
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Prop. XVI. (Theorem VIII.) 
Under the same conditions, if tangents be draum to 
the orbits at any points, and perpendiculars from the 
common focus upon them ; the velocities of the bodies at 
these points are inversely as the perpendictdars and di- 
rectly in the subduplicate ratio qfthe latera recta. 




Draw SY from the focus S perpendicular to the tan- 
gent PB; then the Telocity of the body at P shall be 

, SY 
inversely as — r- . 

For the velocity is as the arc PQ described in a given 
indefinitely small time ; that is (by Lemma VII.), as the 
tangent PB. And, since QTh equal to the perpendicular 
from R on SP, 

RP : QT = SP : SY; 

therefore ^^ 



PR= 



SY 



or PR varies inversely sla SY and directly as SPxQT. 
And SP X Q 7^ varies as the area described in a given time, 
that is (by Prop. XIV.), in the subduplicate ratio of the 
latus rectum, q. e. d. 

Note. Let i; be the velocity at P, 



then t;=- (Prop. L, Cor. i, Note) 



n/2xi 
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Cob. 1. ' The latent recta are proportional to the pro- 
duct of the squares of the perpendiculars and the squares 
of the velodUes. [Lo^SV^y. (velocity)^.] 

Note. I^ce ^= -, 

Jj • 



Cor. 2. The relocities of bodies, at their greatest and 
least distances from the common focus, vary inversely as 
the distances and directly in the subduplicate ratio of the 
latera recta. 

For the perpendiculars are in these cases the same as 
the distances. 

Cob. 3. And thus the velocity in a conic section at 
the greatest or least distance from the focus is to the 
velocity in a circle at the same distance from the centre 
in the subduplicate ratio of the latus rectum to twice that 
distance. 

Note. For the circle is an ellipse whose latus rectum is equal 
to iti diameter, that is to twice the distance of the body. 

Cob. 4. Bodies moving in ellipses about a common 
focus have velocities at their mean distances from the 
common focus equal to the velocities in circles at the same 
distances ; that is (by Prop. IV. Cor. 6)^ inversely in the 
subduplicate ratio of the distances. 

For the perpendiculars here are the semi-axes minor, 
and these are mean proportionals between the mean dis- 
tances and the latera recta. Inverting this ratio and com- 
pounding with the direct ratio of the latera recta, we have 
the inverse subduplicate ratio of the distance. 

Note, The mean distance, that is, the mean of the greatest 

' and least distances, is the semi-axis major A C7, and the points at 

tfais distance from the focus are the extremities of the minor 
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Velocity at the point B=- = -^y 




»j2y. BO^ ^0 



= velocity in circle radius AG 

(Prop. rV., Cor. i, Note). 

Cor. 5. In the same figure, or in different figures 
whose latera recta are equal, the velocity of a body is 
inversely as the perpendicular from the focus on the tan- 
gent. 

7^oe«. Forv=-, and this (Props. XI., XII., Xin., Notes), 

/ — ^ 

s: -^f-h-r. , when force varies inversely as the square of the dfs- 

tance. 

Cob. 6. In a parabola the velocity is inversely in the 
subduplicate ratio of the distance of the body from the focus ; 
in an ellipse it varies more than in that ratio, in a hyper- 
bola less. 

For (by Lemma XIY. Cor. 2) the perpendicular from 
the focus on a tangent to a parabola is in the subduplicate 
ratio of the distance. In the hypwbola the perpendicular 
varies in a ratio less than this, and in an ellipse more. 

Note, In any orbit v=-\ thus in a jpara&oJa, since 

SP .SA^^SP.SA SP ^ '* 

in an ellipse, since 
sr S'T 



, andiSr. S'r=BC^, andi8^P+fl'P=2JC, 

OX' 

therefore 



SP SP 

87^ ST. ST BC* 



SP*'' SP, SP "* SP {2AC-SP) • 
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and i8f7»= ^^ BO*- 

8T* BO*' SP~ ' 
M 2A0-8P 

mZ; 2AC-8P 
2BC* • iSi> ' 

^=&-i^ W. 

in » hyperbola, smoe ffP-'8P=i2A0, 

BT*^ 8T.8^7' B(P 

SP^ SP.S'P "SP 12AO+8P) ' 

nd 87*= — — B(P' 

*.«*«, ._ h* h* 2AC+8P* 

_ /iL 2AC+8P 
■"2^(7" • SP * 

_ /ft 2AO+8P 
"AC • /S^P ' 

-^p^^c; ^^^• 

^m (1), (2), and (3), we see that tbe velocity is in all cases 
Im the greater the distance, and vice versd. Take any two 
peiBii P, Q; and suppose them to be points on a parabola de- 
Nribed about the centre of force at S, varying inversely as the 
vpan of the distance ; next suppose them to be points on an 
^^se; and lastly on a hyperbola, about the same centre of 
ftree. Then by (1), (2), and (3), tbe ratios of the squares of the 
▼clodtieB at PQ in the three cases are respectively 

8Q 8Q 2AC-SP , SQ 2A0+SP 

fiP' 8P ' 2A0-8Q' SP ' 2AC+SQ' 

X.ir. 7 
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SQ 
If now SP be greater than SQ^ ^p i& less than unity, 

2AC-SP . , ^, .^ 2AC±SP . ^ ^, 

2^C-igQ ^ *^ ^^^^' 2^6'+iSQ "* greater than unity ; 

thus, in the parabola the ratio of the square of the velocities is 
less than unity, in the ellipse is still less, and in the hyperbola it 
is nearer unity than in the parabola. In other words the ine- 
quality between the velocities at any two points is greater for 
the ellipse, and less for the hyperbola, than it is for the parabola. 

The equations (1), (2), (3) give the velocity at any given 
point of a conic section deseribed about a centre of force varying 
inversely as the square of the distance. The student should 
commit them to memory. 

Cor. 7. In a parabola the velocity of a body at any 
distance from the focus is to the velocity of a body revolv- 
ing in a circle at the same distance from the centre as the 
square root of 2 is to 1 : iq an ellipse the ratio is less than 
this, in an hyperbola greater. 

For, by Cor. 2 of this proposition, the velocity at the 
vertex of a parabola is in this* ratio ; and by Cors. 6 of this 
proposition and of Prop. IV., the same proportion obtains 
at all distances. Hence also, in a. parabola the velocity is 
at every point equal to the velocity of a body revolving in 
a circle at half the distance, in an ellipse less, and in a 
hyperbola more. 

Note, The velocity in any orbit =- =— ; — : at the vertex 

^ of a parabola p is the same — ^namely SA — both for a body 
describing the parabola aud a circle radius SA ; thus velocity i^ 
A in the parabola and circle varies as the square root of the 

latus rectum of the parabola and circle, that is as ^iSA : s/'ZSA ; 

or as V2 : 1. 

2u 
Again, in a parabola, at P, v^=-^-^ (Cor. 6, Note) ; and in a 

circle, radius iSfP,i>«=-^ . SP (Prop. IV., Cor. 1, Note). 

"SP ' 
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theorefore at snj point P, velocity in paraboU : velodty in circle 
=^2 : 1. 

Coil 8. The velocity of a body describing any conic 
sectian is to the velocity of a body describing a circle at 
the distance of the semi latus-rectuni of the conic, as that 
distance is to the perjiendicular from the focus on the 
tangent to the conic. Tliis appears from Cor. 5. 

Note. For the latuB rectum of the circle ia double its radius, 
that 18, it is equal to the latus rectum of the couic section; 
and the velocities are inversely as the perpendiculars on the 
tangents; hence 

Vel^. in conic : vel^. in circle = semi -latus rectum : perpen- 
dicular on tangent to the conic 

CoR. 9. Hence, since (by Prop. IV, Cor. 6) the velocity 
of a body describing this circle is to the velocity of a body 
revolving in any otlier circle inversely in the subduplicato 
ratio of the distances ; it follows that the velocity of a body 
describing any conic section is to the velocity of a body 
describing a circle at the same distance, as a mean pro- 
portional between that common distance and the semi- 
latos rectum is to the perpendicular from the common 
focos on the tangent to the conic 

Note, (VeR)* in any conic section at P=-^ = ,j^,yi ; 

(VelO* in circle radius SP=^,xSP=4s\ ' 

air oir 

iMHoe these two velocities are in the ratio {SP x L)^ to 5!r. 



Peop. XVII. (Problem IX.) 

Given that the centripetal force is inversely propor- 
tional to the square of the distance from the cefitre qf 
foreetf and the absolute quantity of that force is knoion; 

n— ^ 
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required the path described by a body which movei/rom 
a given point in a given direction with a given velocity. 

Let the centripetal force tending to the point S be that 
with which a body p describes any given orbit pq, and 
suppose the velocity of the body at jt? to be known. From 
the point P let the body P move in the direction PR^ 




from which it is deflected by the action of the centripetal 
force so as to describe some conic section PQ ; the straight 
line PR will therefore touch the orbit at P, Let pr be 
the tangent at j9 to the orbit jc?^. 



Then, if from S perpendiculars be let fall on the tan- 
gents at P and p, the latus rectum of the required conic 
section PQ will be to the latus rectum of the given orbit 
pq (by Prop. XVI. Cor. 1) in a ratio composed of the du- 
pticate ratio of the perpendiculars and the duplicate ratio 
of the velocities, and is therefore given. Let L be the 
latus rectum of the conic section PQ : its focus S is given ; 
and the angle RPS^ being the supplement of RPS is 
given, and therefore the line PS', in tirhich is the other 
focus S', is given in position. 

Draw SK perpendicular to PS'\ and let BC be the 
semiaxis minor. 



Section III. 101 

hmo 

.'. Lx(SP-^ PS') = 2SP X PS' + 2PKx. PS' 

=PS'{2SP + 2PK)', 
:. SP^PS' : PS' :: 2SP-^2PK : L ; 
thus PS' is given in length as well as in direction. 

I^ now, the yelodty of the body at P be such that the 
latns rectum L is less than 2SP-\-lPK^ PHVlw on the 
same side of the tangent as PS-, and therefore the figure 
will be an ellipse, and will be determined from the known 
fed 8, S'y and the major axis SP + PS', 

If, however, the velocity is so great that the latus rec- 
tum L is equal to 2SP + IKP, PS will be infinite ; and 
tiiiu the figure will be a parabola whose axis is a straight 
Ihie through S parallel to PK^ and the parabola is deter- 
mined since the focus, axis, and one point are givea 

If the velocity with which the body moves through the 
poiiit P be still greater L will be greater than ISP 4- 2Pir, 

and therefore the ratio — ^^, — or 1 4--p^, being equal 

to the ratio j , is less than unity: thus PS' 

most be drawn in the opposite direction or ofi the other 
dde of the tangent PR ; hence, the tangent passing be- 
tween the foci, the figure will be a hyperbola, whose m^jor 
tads equals the difference between SP and PS\ and which 
k therefore determined. 

The figure formed in each of these cases is the required 
pith. For, if the body revolve in the conic section thus 
fodttd, it is proved in Props. XI., XII., XIII. that the cen- 
tripetal force will be inversely as the square of the distance 
of the body from the centre of forces S\ and therefore the 
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path PQ has been determined which the body will describe 
under the action of such a force starting from the given 
point P in the given direction PR with the given velocity. 

Q. E. P. 

CoR. 1. Hence in any conic section, given a vertex 
A', the latus rectum Z, and one focus Sy the other focus >S" 
is given by taking A'S' to A'S as the latus rectum to the 
difference between the latus rectxun and 4A^S, 

For the proportion 

SP + PS' : PS' :: 2SP + 2KP : L 

becomes in the case of this corollary, — since iT and iS' co- 
incide— 

SA'-^A'S' : A'S' :: 4A'S : Z, 

whence SA' : A'S' :: ^A'S-L : L. 

CoR. 2. Hence, if the velocity of the body be given at 
the vertex A', the orbit will be readily found, by taking 
for its latus rectum a Une which is to 2 A'S in the duplicate 
ratio of the given velocity to the velocity of a body de- 
scribing a circle at distance A'S (by Prop. XVI. Cor. 3) ; 
and then taking A'S' to A'S as the latus rectum is to the 
difference between the latus rectum and 4A'S, 

CoR. 3. Hence, if a body move in any conic section, 
and be disturbed from its orbit by any impulse ; we can 
find the orbit which it will then proceed to describa 

For, compounding the undisturbed motion of the body 
in its orbit^ with the motion generated by the impulse, wo 
shall have the motion with which it will proceed from the 
given point in a given direction. 

Cor. 4. And if that body be continuously disturbed by 
any force extraneously impressed, the path is known very 
approximately, by calculating the changes of motion pro- 
duced by the force at certain points, and estimating the 
changes continually made at intermediate places by inter- 
polatioa 
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Scholium. 

If a body describe any given conic section whose centre 
18 (7 under the action of a centripetal force tending to any 




point E whatever, and the law of the centripetal force is 
reqoired ; draw CG parallel to the radius EPj meeting the 
tangent JP6? in G ; then the force will (by Prop. X. Cor. 1, 

and Scholium, and Prop. VII. Cor 3) vary as np^- 

Note. By Prop. VII. Cor. 3, if the conic section be de- 
Mzibed in the same periodic time under forces to Ji and C, force 
to JJ : force to C=CCP : CP . RF* ; also, by Prop. X. Cor. i, 
and Scholium, force to C varies as CP ; 

CCP 
therefore, force to R varies as -rrj^ . 
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On the ParaUelogratn qf Forces. 

1. Thb parallelogram of forces, deduced from the s^ 
cond law of motion in Cor. 1 of the laws of motion, can be 
expressed conToniently in another form, thus ; 

Since the resultant of forces, which act at a point and 
are represented in magnitude and direction by the sidti 
AB and AC of a parallelogram, is represented in magni- 
tude and durection by the <Uagonal A£> ; and sinoe the lidt 
BD of the triangle ABD is of the same magnitude and in 
the same direction s^AC; 




therefore the forces represented by AB and BD have far 
resultant a force represented by AD ; and thus the force 
which will with the forces AB, BD form a system in equi- 
librium, may be represented by DA ; or in other words, 
forces which act at a point and are represented in mag- 
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niiude and directum by the fidee AB, BD, DA {taken 
in order) qfthe triangle ABD form a eystem in eqtd- 
iibrium. 

Thifl propotHion is called the triangle qf forces. 

8. The following is yet another form in which the 
same proposition may be expressed, which is someUmes 
usefdL 

Zf either (1) two Jbrcee and their reeuUant, or (2) three 
forces in equUihriumy act at a point and have directions 
parallel to the sides qf a triangle ABD, their magnitudes 
shaU "be proportional to the same sides. 

(1) Let AB, BD be the directions of two forces 
AGting at a point, AD that of their resultant; then the 
magnitades shall be proportional to AB, BD, AD, 

Complete the parallelogram BCi and represent the 
magnitade of the force in direction AD by AD : then the 
ibrces in directions AB^ AC, of which AD is the resultant^ 
are found by drawing DB parallel to AC and DC parallel 
to AB, BO as to form the parallelogram BC; they are 
therefore represented in magnitude (as well as in direction) 
by AB and AC, or by AB and BD, 

Thns the magnitudes of the three forces are propor- 
tional to AB, BD, AD. 

(2) Let AB, BD, DA be parallel to the directions of 
three forces in equilibrium, the magnitudes of these forces 
shall be proportional to the sides AB, BD, DA. 

For since a force in direction parallel to DA is in 
equilibrium with forces parallel to AB, BD, the resultant 
of these two forces must be in direction parallel to AD : 
and the proposition is therefore proved for the magnitude 
of the forces in this case in the same manner as in case (1). 

3. By considering the proof of Cor. 1. of the laws we 
see that the parallelogram and triangle of forces may be 
applied, mutatis mutandis, to velocities. 
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Lemma XXIII. 

If two straight lines AC, BD he terminated at A, B, 
and luive a given ratio to one another, and the straight 
line CD, joining the variable points C, D, be cut in a given 
ratio atK: the point K will lie on a straight line given 
in position. 

Let the straight lines AC, BD meet in i?. On BE 
take BG to AE as BD is to AC; thus BG is giyen and 




£ IT 



the point G is given in position ; take DF always equal to 
the given length EG ; 

then from the construction, GD=EF\ 

therefore EC : EF^EC : GD 

-AC \ BDy a given ratio ; 

thus the triangle EFC is given in form. 

Divide CF at L so that 

CL : CF= CK : CD, a given ratio, 
then the ratio of LF to CF is given : 
also the ratio of EF to CF is given : 
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therefore the ratio of EF to FL is given, and the triangle 
EFL is given in form, and thus the point L will lie always 
on a straight line EL given in position. 

Join LK\ then the triangles CLK^ CFD are nmilar ; 
also FD is given { = EG) ; and the ratio of LK to FD is 
given : thus LKS& given. 

Take EH=LK\ then ELKH is always a parallelo- 
gram. Thns K lies always on the straight line //A", which 
passes through a fixed point // and is parallel to EL^ and 
is therefore given in position, q. e. d. 

Cor. Since the triangles ELF^ EOF are given in form, 
tiie three straight Imes EF^ EL and ^C— that is, QD, 
MKajid EC-~Bre to each other in given ratios. 

Nate I. Thus if two bodies moving in the same plane are at 
the same instant at A and B^ and describe tbe indefinite straight 
lines AC, BD with uniform velocities, and arrive simultaneously 
at C and 2>, their centre of gravity K will describe a straight 
line HK ; and it will move with uniform velocity, since HK is to 
EC ^d QDf and therefore io AC and BD^ in constant ratios. 

N<Ae 2. If the bodies move in different planes, let AC^ BD 
be the projections on a given plane of the spaces described by 
them in a given time, and let K be the projection of the centre 
of gravity; then K divides CD in a given ratio ; hence, by the 
construction and proof of this Lemma, K describes a straight 
line IfK with uniform velocity ; thus the centre of gravity of 
the two bodies describes a path the projection of which on any 
phme is a straight line, and which is therefore itself a straight 
line ; and it describes it with uniform velocity, since its projec- 
tion K describes BK with uniform velocity. 

We now proceed to the proofs of Cors. 4, 5, and 6 of the 
laws of motion. 

CoR. 4, The commoyi centre of gravity of tiro or 
more bodies does not change its state qf motion or rest 
through the mutual actions cf the bodies; and hence, in 
the absence of external actions or resistances, the common 
centre of gravity either is at rest or. moves uniformly 
in a straight line. 
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For if two points move uniformly in straiglit lines, and 
the distance between the points be divided in a giycn 
ratio, the point in which it is divided either is at rest or 
moves uniformly in a straight line (Lemma XXIIL^ Gor. 
and Notes). 

If, therefore, any number of bodies move miifonidj 
in straight lines, the common centre of gravity of any 
two either is at rest or in uniform motion in a straight 
line : for the line which joins the centres of these bo^es 
which move uniformly in straight lines is divided by that 
centre in a given ratio ; 

similarly, also, the common centre of these two and any 
third either is at rest or moves uniformly in a straiglit 
line; for this point divides the distance between the com- 
mon centre of the two bodies and the centre of the third 
in a given ratio ; 

in the same way the common centre of these three and 
any fourth body either is at rest or moves uniformly in a 
straight line : for it divides the distance between the aom- 
mon centre of tho three and the centre of the fourth in a 
given ratio ; and so on in infinitum; 

therefore, in a system of bodies, which are acted upon 
neither by mutual actions nor by external forces, and Cttch 
of which therefore moves uniformly in a straight line^ the 
common centre of gravity of them all either remains at rest 
or moves uniformly in a straight line. 

Moreover, in a system of two bodies mutually acting on 
each other, since the distances of their respective centres 
from their common centre of gravity are reciprocally as the 
bodies, the relative motions of these bodies to or from that 
centre will be equal; now the position of the centre of 
gravity is moved neither forward nor backward by equal 
motions of the two bodies in opposite directions, and hence 
it undergoes no change in its state of motion or rest 
through the mutual actions of the bodies. 

Again, in a system of several bodies, since the common 
centre of gravity of any two which act on each other is un- 
affected in ita state of motion or xe^t b^ that action; and 
since the common centre of gravW.^ ot ^iSaa TOinsusA^ist Ns^ 
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unaflfocted by this actioii, in which they are not concerned ; 
ainoe also the distance of these two centres is divided by 
the ecHnmon centre of all the bodies into parts inversely 
proportional to the sum totals of the bodies whose centres 
they are, so that, those two centres maintaining their state 
of motion or rest, the common centre of all maintains its 
0tate also; it is evident that the common centre of aU the 
bodies never changes its state as regards motion or rest in 
conseqnence of the mutual actions of pairs of them. 

Now in a system such as we are considering, all the 
mutual actions of the bodies are either actions between 
the bodies two and two, or composed of such actions, and 
therefore never induce in the common centre of all the 
bodies a change in its state of motion or rest 

Therefore, since the centre of gravity of a system of 
bodies which do not act upon one another either remains 
at rest^ or moves uniformly in some straight line ; it will 
continue, in spite of mutual actions between the bodies 
composing it, either to remain for ever at rest, or to pro- 
gress uniforoily in a straight line ; unless it bo disturbed 
firom that state by forces impressed on the system from 
without 

Thus, there is for a system of several bodies the same 
law as for a single body, in respect of persevering in its 
state of motion or rest : for the progressive motion, whether 
of a single body or of a system, must always be estimated 
by the motion of the centre of gravity. 

Cor. 5. Bodies inclosed in a given space have the 
&ame motions relatively to one another, whether that 
tpaee he at rest, or be moving uniformly in a straight 
line without rotation. 

For the differences of velocities in the same direction, 
and the sums of velocities in opposite directions, are 
initially the same in both cases (by hyx)othesis), and from 
these sums and differences of velocities arise the eollisious 
and the impacts with which bodies strike one another. 
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Therefore, by Law II. the eflfects of the collisions will 
be the same in the two cases ; and thus the motions of the 
bodies relatively to one another in the one case will remain 
equal to the motions relatively to one another in the other 
case. 

The same thing is proved very clearly by experiment ; 
thus, all motions on board a ship take place in the same 
manner, whether the ship be at rest or be moving uni- 
formly in a straight line. 

Cor. 6. If bodies are moving relatively to one another 
in any manner, and are urged by equal accelerating 
forces in parallel directions ; they will all continue to 
move relatively to one another in the same manner as if 
iltey were not acted on by those forces. 

For these forces, being equally accelerating forces, act 
on the bodies in motion in proportion to the quantities of 
the bodies, and they act in parallel straight lines ; there- 
fore, by Law II. they move all the bodies equally — as 
regards velocity— and can never alter their positions and 
motions among one another. 
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The following propositions are added in illustration of 
Lemma I:— 



1. If four quantities of the game kind vanish together 
in such a manner that the ultimate ratio of the first to the 
second is equal to that of the third to the fourth; the ulti- 
mate rcUio qf the first to the third shall be equal to that qf 
the second to the fourth ; all the ratios being supposed to 
remain finite. 

Let a, b,c,d ho the four quantites : take A, B, Cj D 
always proportional to them, making one, say A, always 
finite: then, since all the ratios remain finite, the rest 
J9y C, and D remain finite. We have, therefore, 

in the limit A : B w C , D; 

therefore in the limit A \ C w B -. D; 

therefore the ultimate ratio of a to c is equal to that of 
h i^ d, 

2. Straight lines are drawn from a point A cutting 
two fijced straight lines DB, DC. ^ B, C ; B', C are the 
points in which they are cut by two qf these straight 
lines, the limiting ratio of DB to DB' is equal to that of 
DO to DC, when ABC, AB'C move up to and coincide 
wUh K\>, 

For, the ratio of DB to DC depends simply on the 
angles of the triangle DBC; and these angles approach a 
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fixed and finite limit; therefore the limiting ratio of DB 
to DC is fixed, and is the same as that of DB' to DC: 




therefore the limiting ratio of DB to DB^ is the same as 
thatofZ>(7to2>(7^ 



The following propositions are added in illnstratioii of 
Lemma II. 

1. To find the area qf any portion of a plane eurv9 
referred to Cartesian co-ordinates. 

Let ABDC be the area required, bomided by the arc 
APBy the ordinates AC, BD, and the line of absdssas 
DC 

Inscribe, as in the Lemma, n parallelograms on n e<jiiai 
bases, and let PN be one of these. 

Then the iu«a required is by the Lenmia equal to the 
limit of the sum of the parallelograms when n is indefinitely 
increased. 

Let DC=a:AC=lh:BD=h^\ iBDC=i: 
then area of parallelogram PN= PMx. MN^ sin i 

n n ' 
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PM 

therefore, area required = limit of a sin t 2 ; 




P'M' 

where 2 indicates the sum obtained by adding all the 



n 



n Talues of PJf' from hi to &„ and dividing by n, 

2. To find the area of a portion of a parabola cut off 
hff a diameter and one qfits ordinates. 

Let Ax be the diameter, PM any ordinate; CB the 




OTdinate bounding the area ABC required : AB=h, 
CB^k. 
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Then, by a property of the parabola, 

PM^AM 
BC^ " AB ' 

.*. AM= j„ h, 

AT 

Let Ay be the tangent at A : and draw PN, CD 
parallel to Aof to meet Ay : let z yAx=i^ then AM-PN\ 
and PM= AN: 

therefore PN='^^h (1). 

If, now, in the figure ADCP be inscribed n parallelogranis 
on n equal bases formed by diyiding ^i> into n equal parts, 

AD 

the area ^2>(7= limit of ^PNx — x sin i. 

n ' 

= limit of 2 ^Ti— A X - sin L 

=bmitof-: sine 2 , 

by taking all the values of AN from to AD ; 

,, , ^Z> 2AD SAD . w X AD 

these values are , , , : 

^AN' ^^2)«+22^2>2 + 3M2>2+... + w2^2)« 
.'. 2 =2 a 

12 + 2^ + + «2 



= ^2>2x2 



«« 
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and the limit of this when n is indefinitely increased 

1 Jfc» 

/. area -4Z>C7 =j;8in»x — 
= - hJc sin i 

= - of the pftralielogram ABCD ; 

2 
.•. parabolic area ABC= - circumscribing parallelogram. 

3. To find the volume qfa pyramid. 

Let A be the area of the base of the pyramid ; h the 
X>6rpendicalar from the vertex on the base. Divide h into 
n eqnal parts, and through the rth point of division from 
the vertex draw a plane parallel to the base. 

Then the area of the section of the pyramid thus made 

It? »* 

oa this area as a base describe a right piism, whose alti- 
tude =-; 

T^ h r* 

the volume of this pri8m=-4— , . - -Ah-^ : 

therefore volume of the pyramid 

= limit of sum of all the prisms 



=u:lAx limit 2 -T 



8—2 
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= Ah X limit of ( - + — + ^-„ ) 



1 
= - the volume of a right prism whose base and altitude 

are equal to those of the pyramid. 

4. The volume qfa solid qf revolution may be cf«- 
duced by applying the method of Lemma IL 

Let ABC be any plane curvilinear area, by the revolu- 




tion of which about AB the solid is generated, and let CB 
be perpendicular to AB. 

Divide AB into n equal parts, and inscribe in the figure 
ABC n rectangular parallelograms on these parts as bases. 

Then, by the method of Lemma II. it may be shown 
that the volume of the solid of revolution is the limit of the 
sum of the cylinders formed by the revolution of )dl these 
parallelograms — such as PiV— about AB, 

The volume of the cylinder described by PJV 



^wPM^x 



AB 



n 



n ' 
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then volume of rovolation required 

=limitof 2irPJ/«x 

when n is indefinitely increased, 

=irABx2 - - . 
n 

6. To find the volume of a right cone* 

A^ right cone is the figure generated by the revolution 
of a right-angled triangle about one of the sides containing 
the right-angle. 

Let ABC be any right-angled triangle; to find the 




volume of the right cone described by its revolution about 
AB. 

Inscribe in the triangle, n rectangular parallelograms 
on n equal bases ; and let PN be one of them ; so that 

MN^-xAB; 
n 

tlien volume of cylinder described by PN 



=7rPM'x 



AB 



71 



.,,, ^^' ^^ 

—nAM^ X -r-TTi X 



AB' 



n 
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ttBCP AM^ 
" AB "^ n ' 

,\ whole Tolumo of revolution required 

= limit of 2 — td- X 

AB n 

= limit of —Tn- 2 , 

AB n ' 

when n is indefinitely increased. 

Kow the values of AM are , : 

n n n 

^AM^ ^AB^+2^AB^-{- + wM5* 

.-. 2 =2 3 

l«+2«+ +n2 



= ^^2x2 



n^ 



=^^(-^4-^^)' 



— — — , in the limit : 



.•. volume of cone of revolution required 



irBC^ Am 
AB^ '6 



^^IttBC'.AB 

o 



= .- circumscribing cylinder. 
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The following propodtioDB are added in illastration of 
Lemma IV. :— 

1. IfaUthe ardincUes of any given curre be increased 
or diminished in any given raiiOf the area of the curve is 
increased or diminished in the same ratio. 

Inscribe in the given carve a series of parallelograms as 
in Lenmia IV., and let PMNQ be one of the series, cor- 



P a 

V 2" 



responding to a point P of the curve: draw pq parallel to 
PQ and cutting the ordinate PM in the given ratio. 

Then PMNQ, pMNQ are m the ratio of PM to pM, 
that is, in the given ratio : hence the sum of the parallelo- 
grams PMNQ is in the given ratio to the sum of the 
parallelograms pMNq. 

Thus, by Lemma IV. the area of the given curve is 
increased or diminished in the given ratio. 



Ex. The area of an ellipse is to that of a circle on its 
major axis as diameter as the minor axis is to the major 
axis. 

BG 



Hence, area of ellipse = -rj^ y^trAG 



^i^AG.BG. 
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2. If (M the ordinaUs <•/ any given cures be turned 
through any gieen angle, tlie area qftke cur^e U dimin- 
Uhed in the ratio nftlw coHiie of that angle. 

Inscribe a series of parallelograms in the given figure, 
as JQ Lcuima, IV.; and letPJfiVQ be tbe parallelogram 



corresponding: to the point P of the curve: let P3f, QN 
be turned through the given angle and come into the 
positions pM, qN: join pq; then pq is parallel to SfN 
(Euc. I. 33). 

Draw pR porpondicuiar to MN. 

Then pMN-q : PMNQ^pR^MN : PM x MN; 

hence l-e. pMNq : PMN(i=pR : PM 

•=pR : p3f 

= coapMP : 1. 

Thus, by Lemnia IV, the area of the given curve !■ 
diminished in the ratio of the cosine of the angle pMP. 

3. To find the area qf a portion qf a parabola »»- 
eluded betieeen the curse, a diameter, and an ordinait 
to the diameter. 

Let P3£B be the area required; 3M being the ordi- 
nate, parallel to the tangent PX. 
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" Take two points Q, Q' near each other, and draw Q V, 
QfV'i QU, q!U'\ paraUel to PiV and Pif respectively. 




rp^ M 



Then, since the (acute) angles at U and V are each 
eqoal to the angle at P, they are equal to each other; 

therefore the area of the parallelogram C^' is to area of 
the parallelogram QV'iisQU, UU' : QF. VV\ 

Now, by the nature of the parabola, 
and qV^^^SP ,PV', 

:, Q'r'2-cF«=4ASP. rr, 

or ((^V'+QV){QT-QV)^4SP , FV; 



IW 



4SP 



" Fr~Q'F+QF* 

. , UU'jSP 
. If Q^- UU'_ 4SP.QU 

""" 2QF-' ' 
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. If pawtllelogram QU ' _ 1 , 
' parallelogram QV'~2* 



,\ by Lemma IV, whole area PBN=^ area PBM; 

2 
/. area PMB = - x parallelogram MN, 

4. To find the volume oj a prolate spheroid; i. e. of 
the 9olid generated by the revolution of an ellipse about its 
mqjor axis. 

Let P, P' be two points near each other on the ellipse : 
and dra^ FN, PN\ parallel to the mjgor axis, meeting 




the minor axis in N, N' ; and PM, P'M' parallel to the 
minor axis, meeting tangent at ^ in itf, M\ 

Let CA^a, CB = b, PN^x, CN=y, MM'=h, 

NN'=ki thvisPN'^x + h, CN'^y-k; 



then 



and 



{x+hf . (y-k? , 



a' 



l/^ 
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.. —^i— + ^i -o; 
A(2a?+A) a» 

■■■'^i-t <•) 

Again, area described by roYolation of NN' about CA 

:. volume described by revolution of parallelogram PN' 

^7riCN'-¥CN)PN.NN' 

Also, area described by revolution of PM (or of BN) 

/. volume described by revolution of parallelogram PJT 

/. these volumes are in the ratio ^^^/wir^i > 

« (2y+k)aj b^x , ,,* 

or, in the limit, of ^.^__ ^ (since k vanishes) ; 
and this ==2, from the equation to the ellipse. 
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Hence by Lemma IV. the volume of the ellipsoid is 
twice the volume between it and the circumscribing 
cylinder; 

/. the volume of the ellipsoid is two-thirds of the circum- 
scribing cylinder. 



Tlie following proposition was referred to in the note 
to Lemma IIL Cor. 4. 

The limiting ratio qf the sum qf the series of chords 
joining consecutiee points of a curve to the sum, of the 
series of tangents at those points is one of equality. 

Let AT^ TB be the tangents at two points A and 




B, very near each other on any curve, AB the chord. Pro- 
duce ^^ to a fixed distant point h. 

As the points A and B move up to one another, draw 
U always parallel to jBT, meeting A T produced in t. 

Then (by Lemma VI.) the angles TAB, TBA di- 
minish indefinitely and ultimately vanish : hence also the 
angles tAh, thA, which are equal to them, ultimately vanish. 

Thus ultimately t lies on Ab, and therefore the ratio 
oi At-^th to Ah is a ratio of equality: and by similar 
•triangles ATB, Atb, the ratio of AT-¥ TB to AB is al- 
ways the same as that oi At + tbio Ab, 

Hence, in the limit, the ratio of AT+TB to AB is 
one of equality : and this is true with respect to each 
xihord. 
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Thus the limit of the ratio of the snin of the series of 
dhK>rd8 to the sum of the series of tangents is a ratio of 
eqnalitj. 

The following propositions are added as illastrations 
of Lemmas YI. and Y IL 

1. AB U the chord, and AT, BT the tangents at A 
and Bf qfan are AB, qf continuotu curvature; BN u a 




straight line meeting the tangent at N. If the angle N is 
always finite, the limiting ratio qf the triangles ATB, 
NTB is one qf equality. 

Tar, since the coryatare of the curye is continaoos, 

L. B. AT : TB=l (page 130); 

and since the angles TNB, 7!8iV remain finite when BTN 
Tanishes, 

1. R. I!ff : TN= 1 (Lemma YII. Note 6) ; 

.-. IuJLlATB : £^NTB=JuB,AT:NT 

= L 

2. To find the ultimate ratio of the segments qf ttoo 
equal chords of a curve, when the chords move up to each 
Mer and coincide. 

Let AB, A'B be two equal chords intersecting in O 
(fig. next page). 

On OA take Om equal to OA : and on OB take (M 
egnal to 0B\ join AA\ BB^. 
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Then An^B'm; 

.-. AB=An^nB=B^m^nB', 
add^'m to each; 

/. AB^A'm=AmJfBm^nB=A'B^jfnB; 
but AB=A'B (by hypothesis), 

.*. A'm=Bn; 




and by similar triangles AOm BOuy 

AO BO 
Am Bn ' 

Am Bn* 



but 



Am sin^^'m 
Am^miA'Am* 

:, IL -j7— = tan AA'm 
Am 

(since i Am A is ultimately a right angle); 

Bn 
similarly It -^ = tan BBn ; 

•• tSEXi^ = to^:B^'^^^^^^' 
.,it.4^=it.4g=it>^^^'^ 



BO 



BO 



tBJiBBn ' 



and the angles AA'm, BBn are ultimately the angles 
which AB makes with the tangents to the curve at A, B, 
Galling these angles a and p, we have 

Im^AO :^0»tana : tan j3. 
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3. 7b find ths vUimcUe ratio cf the segmenU of two 
ehordt cutting off equal arcs of a curve. 

Let AB, A'B bo two chords meeting in 0, and 




catting off equal arcs, so that arc ^^=arc A'B^^ and 
therefore arc -4-4'= arc BB/ 

Draw -4'm, Bn perpendicular to AB, A'B : join AA\ 
BB". 

Then l. b. chd AA' : chd BB' = l. b. arc A A' : arc BB'; 

''' ^^ ch^rdTBB' ' 

If ^'^ — If AA^_^nA\Am 
•'• ^^ Bn " ^ BB sin BBn 

_ ,. sin A' Am 
~" ' sin BBn * 

Let the tangents at A and ^ meet in T; 

., ,. A'm ,. sin-4'-4m 

then It -TT- = It — 



.-. It 



-5/1 sin -ff-5'n ' 

-4'0 sin TAm 



BO sin 2!fiw 

.(whffli Af A' and iS^ ^ coincide) ; 

,. AOTB 
^ ^^'OB'TA 

or L. B. AO : BO = TB: TA. 
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4. The limiting ratio of two angles which Txshiih 
together is that qf their sines, and tangents. 

Let BAGy BAD be two angles which vanish together; 
draw DCB perpendicular to AB meeting AC, AD in G 




and D : with centre A and radius AB describe an arc of a 
circle BCD' cutting AC, AD in C, U; and draw C'E, D^F 
perpendicular to AUB, 

We have to shew that the limiting ratio of the angles 
CAB, DAB when they vanish is equal to that of CE to 
UF',^n^oiCBioDB, 

Since the angles at C, D, E and F remain finite, wel 
have by Lemma VI L Cor. 1, limiting ratio df CE to D^t 
equal to that of BC to BU ; 

again, by the same Lemma, limiting ratio of CB to DB if 
equal to that of CB to UB ; 

and arc CB is to UB as angle CAB to angle UAB ; 
therefore the limiting ratio of the sines and of the taU" 
gents is the same as that of the angles. 



Remarks on Lemma XL 

1. By this Lemma it is proved that subtenses of arcs 

of any curve in the neighbourhood of any given point vary 

as the squares of the arcs, provided the subtenses ultl'* 

mately coincide in direction with any straight line through 

that point other than the tangent. 
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2. Let BB, DJy be the chord, and tangent at -4, of 
any ai*c BAB \ C a point on the chord; join CAy and 



T 




draw BD, BU parallel to CA, Then AC\^ int6miediato 
in magnitude and position between BD, and BD\ 

By the Lemma, l. r. of BD to B'ly is l. e. of AB^ to 
AB'^ ; if then l. b. of AB to AB is 1, l. b. of BD to B'D' 
is also 1 : and therefore the limiting ratio of ^(7 to either 
BD or B>U is a ratio of equality. 

And conversely, if BB be drawn parallel to the tangent 
at A (or if the limiting ratio of BD to B'D be one of 
equality), the ai'c BAB is ultimately bisected in A. 

Hence, by Lemma VII., if either the arc BAB' or the 
chord BOB' he ultimately bisected by AC, AC is uMimately 
in a ratio o/ equality to the subtenses, drawn parallel to 
AC from B and B', to the tangent at A ; 
and conversely, if either BB' be drawn parallel to the tan- 
gent at A, or the limiting ratio qf BD to B'D' be one 
of equality, the chord, arc, and tangent^ are ultimately 
bisected in C and A., 



3. Again, draw the tangent BT meeting CA pro- 
duced in jT; then AT, BD being parallel subtenses of the 
same arc AB^ their limiting ratio is one of equality, by 
Lemma XI. 

If, therefore, either BB' be dratcn parallel to the tan- 
gent at A, or the arc BAB' be ultimately bisected in A, the 
limiting ratio ofTA to AC is one o/€qual\t'\j^ w '^^ V.^ 
ultimately buected in A. 

M.2f. ^ 
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4. The chord AB of any arc ACB qf continuous 
curvature makes angles with the tangents TA, TB at the 




extremities, which are ultimately in a ratio of equality 
when the arc is indefinitely diminished. 

For, if these angles were ultimately in a ratio of 
inequality, the curvatures at A and B would be ultimately 
unequal (Lemma XI. Scholium Note 3), when A and B co- 
incide, and the curvature of the arc would not be con- 
tinuous. 

5. Hence, tJie limiting ratio qf TA to TB is one of 
equality (page 128). 

Alsoy the limiting ratio of T A. or TB to the arc or 
chord AB is 1 to2: this is seen by constantly magnifying 
the figure so as to keep AB finite. 

6. Draw any straight line TCD meeting the arc in C 
and the chord in a finite angle at D. 

Then, since the angles TAB, TBA continually diminish 
and ultimately vanish when B and A coincide, the limiting 
ratios of ^(7 to AD and A T, and of BC to BD and BT, 
are ratios of equality by Lemma VII. Cor. 1 ; therefore the 
limiting ratios of DA to DB, and of CA to CB, are the 
same as that of TA to TB, or are ratios of equality. 

Therefore, the chord AB and arc ACB are ultimately 
bi^sected in D and (7; therefore (page 129, Art. 3), the 
//mitirfff ratio ofTQ to CD is one o/ eqitaliln. 
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On Curvature. 

1. If PV he a chord of curvature at a point F qf a 
curve, PB the tangent at P, PQ a chord, QR a subtense 




parallel to PV, then, when Q moves up to and coincides 
iioith P, 

P r= limit of ^^. 

Describe a circle touching the curve at P and passing 
through Q ; the limiting position of this circle is (page 43, 
note 4) the circle of curvature at P, Let this circle meet 
PFin F;joinQF. 

Then (Euc. m. 32) z RPQ= iPV'Q; 
and, because QB is parallel to PV, i PQR= l QPV; 
therefore the triangles RPQ, Q V'P are similar ; 

.% PQ^^^QR.Pr-, 

.\ PF^limt of P V =limit oi ^ , 
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Also by Lemma VII. the ultimate ratio of PQ to the 
arc and tangent of either the circle or the curve is one of 
equality ; 

(tangent PR)^ 



.-. Pr= limit of 



or 



= limit of 



subtense QR parallel to PF' 

(arc PQf 

subtense QR parallel to PV" 



2. ff tho chords of curvature PU, PV at any point 
Y of a curve meet any straight line parallel to the tangent 
at P in XL and Y, then 

PUPv 

PV~ Pu 

Let a circle touching the curve at P and passing 
through Q meetPt/", PVm U\ V: join U'V\ 

Then, lPU'V'= iRPV (Euc. iii. 32) 

= aPvu; 
similarly lPV'U'= l Puv : 

/. triangles Puv, PV'V are similar ; 

PU PIT Pv 

therefore -=r75^= limit of 



PV 



PV'^ Pu 



3. The chord of curvature^ through the centre, at any 

2Qr)2 
point Yofan ellipse = -~^ . 
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Let PQ be a small arc of the ellipse, QR parallel to 
the diameter P(7G^; draw Qv parallel to the tangent PR 
meeting P(7 in 9. 

Then chord of carvatnre of the ellipse, through C, 

PR* 



= limit of 



= limit of 






Po ' 
but Qtl':Pv.vG=CI)^:CP^ {Conies, p. 66), 

CI>^ 
/. chord of corvature through (7= limit of ^ypi • t?6r ; 

md when Q coincides with P, Gv=2CP ; 

.*. chord of curvature through C= ^p . 

Cob. 1. 77ie chord of curvature through the focuf 

_2CD3 

Join P with the focus S^ and let PS meet CD in E\ 
Hien, since CD is parallel to PR, 

chord through S : chord through C= CP : PE ; 
.•. chord through ^=-7to~ • p^ 

2(72>«,^ . _. 

= ^j- {Comes, p. 58). 

Cob. 2. 77i« diameter qf curvature qf an ellipse at P 

_2C1)^ 

For since the diameter of curvature coincides in di- 
*ection with the normal PF to the ellipse, 
diameter of curvature : chord through (7= CP : PF, 
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2CD^ CP 



:. diameter of curvature = 



CP 'PF 

2C^ 
PF ' 



4. The same results may be obtained by precisely 
similar reasoning for the chord through the centre and 
focus, and the diameter, of curvature of a hyperbola. 

5. The chord qf curvature of a parabola at P pa^ 
rallel to the aan»=4SP. 




Let QB^ be a subtense parallel to the axis ; and Qv an 
ordinate to the diameter through P ; then chord of cur- 
vature parallel to the axis 

= h,nitof^^^ 

= limit of 1^' 
Pv 

=4SP (Conies, ^.S4). 

Cob. 1. The chord of curvature of a parabola through 
the focus =4SP. 

Let Qv meet SP in a ; 

then chord through S : chord parallel to axis=Pt? : Ps ; 
but Pv and Px make equal angles with Qv, which is 
parallel to the tangent at P ; 

/. Pv^Px; 
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.'. chord through ^S'^ chord parallel to the axis 

=4SP. 
Cob. 2. The diameter of curvature qf a parabola 

Let the normal PL meet Qt>mu\ 

.'. diameter of caryature : chord through S=Px : Pu; 

Px 

:, diameter of curvature =-7i-.4AS'P 

Pu 

ASP^ 

by similar triangles SYP^ Pux. 

6. The diameter qf curvature at any point of a conic 

_ 8 norraaP 
~ latus rectum* * 

(1) For the ellipse and hyperbola, diameter of curva- 
2CZ)2 
fcure = -p^; 

but PF, PL = BCr^ {Conies, p. 62), 
and CD . PF=AC . BC {Conies, p. 69) ; 

/. diameter of curvature = — p^^ — 

2AC^,B C^,PL^ 
BC 

SPLKAC^ 
~ 4BC^ 

8 normal' 



latus rectum^ * 

(2) For the parabola, 

4SP^ 
diameter of curvature =-„yr ; 
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let Py meet the axis in 3f ; then SF=SM; 

/. PY= YM; 

.-. PL = 2SY; 
ASP^ 



.'. diameter of curvature 



£IY 
ASP'.SA^ 4SY* 



SY.SA'^ SY.SA* 
4SY^ SSY'^ 



SA* 
PL^ 



2SA' 
8PL^ 



" 2aSM2 " 16SA'^ 

_ 8 normal' 
~ (latus roctum)^ * 

Note. In the following propositions the curvatures of the 
curves in the neighbourhood of the points concerned are supposed 
to be continuous. 

7. T/ie limit of the circle through threepointg A, B, C, 
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near one another on a cmvi^ej tchen these points coin- 
cide^ is the circle qf curvature. 

Draw the normal Ag to the curve at A^ and let I be 
the extremity of the diameter of curvature at A ; draw 
CD, BD i)erpendicular to AC and A By meeting each 
other in Z>, and the normal to the cun'o ^i Am G and g. 

Then, as in Lemma XI., the points G and g ultimately 
coincide with I \ 

therefore Gg vam'shes, and the angles DGg^ DgG vanish ; 

therefore the tiiangle DGg vanishes, and 2>, G, g, and / 
all ultimately coincide. 

Now, since the angles ABD, AGD are right angles, 
the circle through A, B, C passes through 2>, and AD is 
its diameter ] 

thus the diameter AD of the circle through A, B, C, 
coincides ultimately ifsith the diameter AT of the circle 
of curvature, and therefore the circles coincide. 

8. Hence, the centre qf tJie circle of curvature is ths 
limiting position of the intersection of perpend ictdars to 
two consecutive chords BA, AC through their middle 
points. 

For the distances of this point of intersection from 
A, Bj and C are equal, therefore the circle described with 
this point as centre at the distance of any one of them will 
pass through the others and will be the circle through the 
three points A, B, 0, 

9. The limiting position of the intersection of the 
normals at two near points A and B on a curve, witen A 
and B coincide, is the centre of the circle of curvature. 

Let AD, BD be the normals at A, B, meeting in D ; 
draw BG perpendicular to AD or parallel to At the 
tangent at A, and the tangent BT Sit B meeting DA 
produced in T. 
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Then, by the similar right-angled triangles TUB, TBD, 
we have 

TC. TD=^TB*; 



therefore 



77>= 







2) 



Now the limit of TD is AD, when B and A coincide: 
and (page 129) since BC is parallel to the tangent at A, 

TC is ultimately bisected at A : 



TBI 
2TA' 



therefore limit of ^2>=limit of 

TB^ 
but the limit of -=-j is (page 132) the limit of the chord of 

curvature at B parallel to AD, which is the diameter of 
curvature at A ; 

therefore, limit of AD = - limit of -^ j 

= radius of curvature at -4 ; 

tbuB, the limiting position of 2> is the centre of tlie circle 
ofcarrature at A, 
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10. 7%e radius qf curvature qf any arc AB i$ the 
limit qf the are divided hy the circular measure qf the 
exterior angle BTD between the tangents at its extremities. 




Draw BD perpendicnlar io AD: 

AD* 
then, diameter of curvatnre = ultimate value of -^^ (p. 132); 

and L. s. of DB to AD= l DAB (in circular measure) ; 

AD 
therefore, diameter of curvature = limit of — j\Tb ' 

arc AB 
and (by Lemma VII.) radius of curvature = It ^xTTDAB * 

but^ since l. r. of z TAB to z TBA is one of equality, 

L. B. of z s TAB+ TBA, that is of z BTD, to 
2 X z TAB is one of equality ; 



therefore the radius of curvature = limit of 



arc AB 
l^TD' 



11. . Required the radius of curvature (p) ai any point 
qfa curve considered as the limit of a polygon. 




Let A, B, C be three points near each other on the 
curve ; a,hjC the sides of the triaDgle ABC; produce AB 
to A': 
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then, by trigonometry, diameter of the circle about ABC 



sin jB' 

•*• (pag© 137) radius of curvature = limit of -^r-;^ — ^ • 
^^ ^ ^ 2 sm ^ • 

and, the l. e. of z ABCio sin B is unity (page 128) : 

,. ., AG 

AC 
Con. Therefore, l. b. z A'BC : -^r— = 1. 

2p 

V 

12. 77f£ limit of the circle touching three tangents to 
a curve, when tliese tangents coincide, is the circle of 
curvature. 




b r 



Let AB, CB, CA be the three tangents : t, t\ T their 
points of contact with the curve : and r, r the points of 
contact of BA, BC with the circle touching AB, BC, CA ; 

then 2Bt=Bt-{-Bt' = BA + BC+AC (1), 

also Bt-{-Bl!=BA + BC+At-{^Ct ; (2), 

and since Bt, Bt touch the curve the limiting ratio of Bt 
to BH is one of equality (page 130) ; similarly, the limit- 
ing ratios of At and Ct \a AT and CT respectively are 
ratios of equality; 

therefore, l. b. of Bt-\-Bt' to iBt is one of equality ; 

and L. B. of At^-Ot' to A T-h CT, or AC, is one of equality ; 

and therefore l.b. of2Bt to BA + BC+ACis the l. b. of 
Bt+Bt' to BA+BC+At + Cf, or is a ratio of equality, 
from (2) ; 
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thus from (1) the l, ^ of Bi to Br hn ratio of equality ; 
similarly the l. b. of i9^ to Br is a ratio of equality ; 
therdbre the luVLof Bt-hBf to Br -^ Br is one of equality. 

But Bt+Bf is ultimately in a ratio of equality with 
the arc of the curve between t and f : 

and Bt-^Bt is in a ratio of equality with the arc of the 
circle between r and r : 

also the tangents at the extremities of these arcs are the 
same, namely BAt and BCt' ; 

and thus the radius of curvature, being equal to the L. b. of 
the arc to the exterior angle between the tangents at its 
extremities (page 139), is the same for both the curve and 
circle. 

Therefore the limit of the circle is the circle of cur- 
yature. 
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The following proposition is given as an illusti'ation of 
the method of Section n. Prop. i. 

A body describes a curve under the action qf any forces; 




to find the accelerations at any point resolved in the 
directions of the tangent and normal at the point. 

Let the forces be supposed to act by impulses at in- 
definitely small intervals of time, t. 

In one of these intervals let the body describe AB; 
then if no force acted the body would describe in the next 
interval jBc, in the direction of AB produced, equal to AB. 

But at B let impulses act simultaneously on the body, 
causing it to move in the straight line BC\ and to describe 
BC in the same time in which it described AB, 

On BC take BC=AB=Bc : join cC. 
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Then the effect of the impulses at B Is the same as that 
of two impulses, one in directiou BS, parallel to cC, de- 
flecting the body from c to Cf and the other in direction 
BC, causing the body to describe the space BC instead of 
BC, in the interval 

The velocities due to these impulses are respectively 
—r- and —J- ; and they are added in an interval of time t ; 

.*. the accelerating effects of the impulses are respcc- 

.. . Cc , CC 
tively-^-and -^~. 

But h. li, Cc : Be X I. CBc=l by Lemma VII. ; 

AC 
or L. B. Cfc : Be x „ — = 1 (pag© 140) ; 

,. ..Cc ,. ..Bex AC ,. ,.BcxAc 
/. limit -z^ = bmit -^r — ^ - ~ limit -7^ — 77- 

= limit — ji 
pxt* 

(velocity)* 



(1). 



radius of curvature 

Again, CC^BC-BC^BC-AB] 

. CC _ BC AB 
" t " t t 

= difference of velocities at A and B ; 

CC 
.'. limit —.J- = rate of i ncrease of velocity (2). 

And since z CcB is ultimately a right angle, (1) and 
(2) are the accelerations of the body resolved normally to 
the curve and tangentially. 
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The following proposition is often found useful in 
estimating the effect on the motion of a body about a 
centre of force varying inversely as the square of the dis- 
tance, produced by a disturbing force. 

A body describes a conic section under the action qf a 
centre of force in one focus S ; to resolve the velocity at 




any point P into two components, one perpendicular to 
the radius vector SP, and the other perpendicular to the 
major axis.* 

Draw aS'F perpendicular to the tangent, PL the normal 
and LM perpendicular to SP : then the sides of the 
triangle PjSL are at right angles to the directions of the 
velocity and of its components, and are therefore pro- 
portional to them (page 105). 

If then V be the velocity, t^x v^ the components perpen* 
dicular to SP and SL, 

SP _SP^ h 
^^'PL^^PL'SY 

h SP h PJj n • '1 A • t \ 

^PL'SY^PL' PM ^y ®*™ triangles) 
h h 



PM r 

where I is the semi-latus-rectum. {Conies, p. 16.) 

* For the proof of this proposition bore givon I am indebted to lir Benat 
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r, SL 



=e, the excentricity of the orbit : 
therefore 15^ = «t»i= y . 

HeDce, the veloeity at any point qf a conic section 

described by a body under the action qf a force to the 

Joctu may be resolved into two constant components, one 

( .A perpendicular to the radius vector, and the other 
(^^ perpendicular to th> nuyor axu. 



To find the velocity at any point of any orbit described 
by a body about any centre of force, the law of the force 
being known, we use the formula given in. Prop. Y I. Cor. 4, 
Note 1, from which we get 

where « is the velocity at P, F the force, and PV the 
chord of curvature through the centre of force. 



We will apply this formula to finding the velocities in 
tlie cases of Section II. 



In Prop. VII. the orbit is a circle about any point; and 
(Prop. VII. Note 3) 



jsp^xpr^' 

m_ /A 

•*• ^~2SP'xPF*' 

and V = —r= — -^ 

^j2,SPxPV 
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In Prop. VIII. the orbit is a semicircle about a point 
infinitely cUstant; and (Prop. VIIL, Note) 

^ PM** 
also P F= 2PM (fig. page 71) ; 

" ^ PM^ ^^ PM^' 

and v^^. 



In Prop. IX. the orbit is an equiangular spiral, about 
the centre of the spiral ; and (Prop. IX. Note 3) 

SP"* 
and PV=-2SP; 

• ^ jSP»* 

and ^=^- 



In Prop. X. the orbit is an ellipse about the centre; and 
(Prop. X. Note 1) 

F=iiCP; 
also ^^^'CP' 

and v-iJp.CD, 
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Foree waving at (dittance)-^ To find the time qf 
tnoHon and the velocity acquired by a body faUing 
through a given tpace ft^om reet (Props. XXXIII. and 
XXXVL). 

Let iS' be the centre of force, A the point from which 
the body begins to flEdl ; 

g^=forc^ at distance SP, 




Let APB be a semi- ellipse, focus S and axis major 
ASB ; ADD a semicircle, whose diameter is ASB ; and 
suppose a body revolving in the ellipse round the focus S 
to oome to P ; bisect AB in O, draw DPC perpendicular 
to ABy and join OP, OD. 

Then the time through ^P a area ASP a area ASD; 

and this being true for all values of the axis minor will be 

true when it is diminished without limit, in which case the 

eltipse coincides with the axis major and the point P with 

C, or the body is moving in the straight line AC\ the point 

^also coincides with S, since AS , SB={^ axis minor)*; 

and since space due to velocity at ^ = } chord of curvature 

i. ^ XV u o ^ 1 X i. (axis minor)^ ^ ., 

at A through S=i latus rectum = ^ — TTTi — ^ = ^i ^'^^ 

body b^^s to move from rest at A» 

10—2 
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Hence time from rest through AC<x: area ABDy 

, time through AC 

time through A£ ( = ^ periodic time in ellipse) 

area ABD 
semicircle ABD * 

.-. time through AC=^. H^.(^^;C2» 

Again, velocity at P= fj ~A6 '~SP ^^^^' ^^l-)> "»«^ 
when the ellipse coincides with the axis m^jor, 

velocity ate- /Im AB^BC __ /V^ 
velocity at C - ^ ^^. ^(j ^W AS' SC * 

Cob. Time through AS= \J -^ '"""o" ~ / ^ 

B \ per. time in an ellipse, 
of which ASi^ the axis m^jor. 



Force varies as distance. To find the time of motion 
and the velocity acquired by a body in /ailing through a 
given space from rest (Prop. XXXVlll.) 

Let S be the centre of force, A the place from which 
the body begins to fall: on AB=2AS describe a semi- 
ellipse APBy and a semicircle ADB, and let a body 
moving in the ellipse come to P, Draw DPC perpen- 
dicular to AB, and join SP, SD» 
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Then time through AP x area ASP oc area ASD^ and 
this being tme, whatever be the axis minor of the ellipse, 




will be tme when it is diminished without limit, in which 
case the body will be at (7, having fallen from rest at Ay 

/. time through ACcc area ASD; 
time through AC 



• • A* 



time through AS ( = j^ periodic time in a circle) 

sector ASD 
I area of a circle ' 

n- I AS, AD 



.*. time through ^(7= 



2 n/;a* i^-^.^* 

AD 



AS'J^' 
Again, let SB be the semi-axis minor, 
then veL at P=semi-coi\jugate at P . sTjl (page 146) 

= ^AS^-^SE^-SP*. >/;; 

.-. veL at C7= ^AS^-SC^. n/;!" 
^CDJIu 

Cob. Time to centre of force = ^_ - = i ^ 



force in cmtre. 
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Hence the times through all distances to the centre of 
force are equal. 

Vel. acquired in falling through AS- ASfJfi. 



If the velocities of two bodies, one of which isfaUing 
direcUy towards a centre of force, and the other de- 
scribing a curve about that centre, be equal at any equal 
distances, they wUl always be equal at equal distances. 
(Prop. XL.) 

Let She the centre of force, and let one of the bodies 
be moving in the straight line APS and the other in the 




curve AQq ; with radii SQ, Sq describe the circular arcs 
QP, qp: let SQctitpqia m, and draw mn perpendicular 
to Qq ; and suppose the velocities of the bodies at P and 
Q to be equal. 

Since the centripetal forces at P and Q are equal, Pp, 
Qm may be taken to represent them : Pp is whoUy effective 
in accelerating P, but the effective part of Qm is Qn, nm 
being wholly employed in retaining the body in the curve. 
Also since the velocities at P and Q are equal, the timet 
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of deseribing Pp and Qq, when the spaces are diminished 
indefinitely, are proportional to Pp and Qq ; hence 

force at P : force at Q^Pp : Qn, 

aad time through Pp : time through Qq=Pp : Qq ; 

/. Telocity added in describing Pp : velocity added in 
describing Qg 

«P^ : Qn . Qq^Qm* iQn.Qq 

= 1:1, 

aad the same may be shewn at all corresponding points 
equally distant from & Therefore, 1/ the velocitiee, dc 
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On the Position of the Apsides in Orbits very 

nearly circular, 

Pbop. XLIII. The orbit in which a body moves re- 
volvetf round the centre of force icith an angular velocitf/y 
which alicays bears a fixed ratio to t/iat of the body ; 
to shew tJiat the body may be made to move in the re- 
volving orbit in the same matmer cuf in the orbit at rest 
by the action of a force tending to the same centre. 

Let C be the centre of force, and when the body in the 
fixed orbit VCP has described the arc VP, let vCp bo 




the position of the revolying orbit, and p that of the body 
moving in it ; then i vCp= l VCP, Also let the angular 
velocity of the orbit be to that oiP 9aO-F\F, 

The angles VCv, VCP begin together at F, and their 
contemporary increments are as the angular velocitios of 
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Cv and CP^ that is, as O-F : F, therefore the angles 
themselYes are in that ratio, or 

VOfoiVCP {or vCp)'^G-F:F\ 

/. componendo VCp : VCP = G : F; 

heiioe>if the angle FQp be always taken =v^x angle FC7P, 

and Cp-CP, Vp the locus ofp will be the curve traced 
out in fixed apace by a body p moving in the revolving 
orbit in the same manner as P in the fixed orbit 

Also the body may describe the orbit Vp by the action 
of a force placed in C. 

For let PCK, pCk be the areas described by CP, Cp 
in the same small increment of time ; draw KT^ kt per- 
pendicular to CP, Cp ; then the contemporary increments 
of the areas, described by p and P, are ultimately as 

Cp.kt : CP . KT^CP^.wupCk : C7P« . sin PCK 

= LpCki I PCir= L' Yel of Cp : I'Yol of CP=0:F; 

and the whole areas begin together at F, therefore they 
are themselves in the same ratio ; hence area FCp a area 
VCP a the time (Prop. I.) ; and therefore (Prop. II.) a body 
may be made to move in the orbit Fp by a proper centri- 
petol force placed in C. 

Def. An apse or apside is a point in an orbit at which 
the direction of the body's motion is perpendicular to the 
distance ; and the angle between two consecutive apsidal 
distances is called the apsidal angle. 

Cob. j(f abe the apsidal angle in the orbit YP, the 
corresponding apsidal angle in the orbit Vp = :^ a. 

For the motion ofp is compounded of two motions, one 
arising from the angular motion of the orbit, and therefore 
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perpendicular to the distance, and the other the same all 
the motion of P in the fixed orbit ; hence when the latter 
body is at an apse, the whole motion of p will be perpen- 
dicidar to the distance, or p will be at an apse ; also the 
angles described in the same time in the orbits Fp and 
VP are always 2» O : F, 

/. apsidal angle in orbit ^ = -7^0. 



Pbop. XLIV. To find the difference of the forces^ 
by which the bodies are retained in the fi,xed and re- 
volving orbits. 

Let P and p be contemporary positions of the two 
bodies, PK& small arc of the fixed orbit described in f' ; 




take pk=PKy and with radiua QK ot Cfc describe the 
circle £'k; 
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draw KB, kr perpendicular to CP, Qp and in rk^ produced 

if neoeasary, take rm ^-j^.kr. Let the velocities of P and 

p be each resolved into two, one central or in the dh-ection 
of the distance, and the other transverse or perpendicular 
to it ; then since PK m very small, PB and BK may be 
taken to represent P's central and transverse velocities 
respectively; and since the angular motion of the orbit 
affects only tibe transverse motion of p, pr=PB will re- 
present J9*s central motion: also transverse veL= angular 
veL X dist ; 

.*. transv. vel. ofp : transv. vel. ofP=i' veL of p: i* vel. 
ofP ^G:F; 

:. transverse veL of p= „ . KB=rm. 

Hence* in consequence of the two motions pr, rm, p 
will be at m, when P is at iT. But if we take 

z VCn^^ L VCK, and Cn=CK, 

p must be at n, when P is at iT, in order that it may 
move in the manner required ; join mn ; then an ad- 
ditional force must have acted on p, sufiSdent to draw it 
through mn in t\ and therefare tiie ditference of the 
forces on P and p 

=2 lim. -^ (Lem. X Note 4, and Cor. 4). 

Let mviy mr produced cut the circle again in t and/, 

. , mk , mf 

then mn= j-^ . 

mt 

Now mr=-^,kr, /. mk=-^i — kr, 
and nrf=—y-'-kr; ,\mk,7nf=—ji—.kf^. 
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Let A=2 area described by P in 1", 

^ ^,. areaP(7ir ,. CP.KR ,. KR h 
.*. A=2 lim. =lim. ; /. lim. — r- 



CP' 



also vfU ultimately passes through C and equals 2GP ; 
/. 2 . lim. — :?- =2 . hm. 



.•. force on p— force on P = — ^^^ — . ^p,, and /. ex ^p^ . 



Prop. XLV. The lato of force in an orbit nearly 
circular being given, to find an approximate value qfthe 
apsidal angle. 

Let -^-fr be the force at any distance r, a the greatest 
value of r, and a-x any other value ; then 

which being expanded in a series ascending by powers of x 
= -j, C/a-/'« . 0?+ &C.) ="3 {fa-fa , x) very nearly, 
since x is very small. 

Let VP (Fig. Prop. XLIII.) be an ellipse of small 
exoentricity, C the focus, CV the greatest distance = a, L 

the latus rectum, and let -y^^ force at F; then (Prop. XL 

a 

Note), if A=2 area described in 1" by a body revolving in 

. the ellipse round a centre of force in the focus, 

j^2-g - _ ^ gince Z = 2a nearly ; hence, 
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force onp =-^+ -^pj— -Q^CProp. XLIv.) 



Qp* 



= j^{/'(a-d?) + ((?"--F^a} dnce 0?= r or a-«, 

Now the valaes of G and jP being indeterminate, tiiis 
expression may be made equal to the above yalae of the 
f(M-ce in the orbit, of which the apsidal angle is required, 
that is, 

G^a - F*x =fa -fax, 

from which equation, since it must hold true for the 
different values of x, we obtain 

^=/a,«.d/-=/«,and therefore, f =7^* 

Now since the proposed orbit is nearly circular, (veL)* 
at apsidal distance (a) = force x a nearly (Prop. VI. Cor. 4), 

= -i '/^ ^^^ suice at an apse the velocity is wholly trans- 

G^ 

verse, (vel.)* at F in orbit '^=-i^.(vel.)' at F in orbit 

G^ F^ G^ 
FP, = -TTi . — = — = (vel.) in proposed orbit, since G^a —fa. 

Since then in the orbit F/?, and in that of which the apsidal 
angle is required, the apsidal distances and the forces at 
equal distances, as well as the velocities at the apsidal dis- 
tances, are equal, the orbits will be similar, and the apsidal 
angles equal ; but the apsidal angle in the orbit Vp 

= J.180« (Prop. XLIII. Cor.)=^y^l80*^; 
and therefore the apsidal angle required = ^^ ~- 180®. 
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Ex. 1. Let the force = /^r*-' ; 

.-. force =^r-=^ (a-;p)- 

= ^ (a* - «a""^ . a?), nearly ; 

/. apsidal angle =-j- . 

Ex.2. Lettheforce='^t!:^, 
.*. force = -J {/Li(a-d?)*"+v.(a— ir)"} 

= "3 {/ia*" -^va^— {miuoT"^ + wi/a"""^) a? + &c.} ; 

fa = m^ "* + nva*'^ ; 
.-. apsidal angle=^j^^±f^.j.l80«. 

If «=1, apsidal angle=;;yj-^-±^| ISO*. 



In this manner, as will be shewn in the next section, 
the motion of the moon's apsides might be found ap- 
proximately, if the direction of the disturbing force of the 
sun upon the moon tended wholly to the earth's centre ; 
but since this is not the case, their motion cannot bo de- 
termined by the method here proposed. 



SECTION XI. 

On the Motion of Bodies mutuaUy attracting 

each other. 



Thb motion of a physical pointy attracted to an im- 
movable centre of force, has been explained in the prece- 
ding sections. We now proceed to consider the motions 
of mutoally attracting bodies, of which the masses bear 
a finite ratio to each other. In this case the attracting 
body placed in the centre of force is no longer immovable, 
for by the third law of motion the actions of the attracting 
and attracted bodies are mutual and equal ; so that if M 
represent the mutual attraction of two bodies, whose 
masses are S and P, the bodies themselves will be acted 

on by accelerating forces -^ and -p respectively, and a 

motion will consequently be generated in each, the nature 
of which it is now proposed to investigate. 



Prop. LVII. Tv>o bodies aUrctcting each other de- 
scribe similar figures about their centre of gravity , and 
about each other. 

Let S and F be the bodies, join SP and take SC : SP 
=P : S+Pf then C is their centre of gravity. If C be in 
motion, let a motion always pqual and opposite to that of 
(7 be applied to the system, then C will continue at rest; 
and since the same motion applied to all the parts of a 
system produces no alteration in their relative motions, 
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the relative orbits described by S and P about C and 
about each other will not be affected. 

Let ST and PQ be arcs described in the same time 
round G ; then 




TC:CQ = P:S=SC:CP, 
.-. TC : SC==CQ : CP, 

and angle SCT= Angle PCQ; therefore ST and PQ are 
similar figures, and they are the figures described about 
the centre of gravity. 



Again, draw Tp parallel and equal to SP. To a spec- 
tator at S» who is insensible of his own motion and refers 
the whole motion to P, P at first will be seen in ^e 
direction SOP or Tp, and afterwards in the direction TQ, 
and will therefore appear to have described the angle 
pTQ almut S, 

and SP (or Tp) : CP=S+P :S=TQ:CQ; 

.-. Tp: TQ^CPiCQ, 

and angle p TQ = angle PCQ, 'therefore the curves pQ and 
PQ are similar ; that is, the figure described by P round 
S in motion is similar to the figures described by P and 
S round their centre of gravity. 
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Pkop. LVIII. An orbit similar and equal to the 
apparent orbit qf P round B in motion may be described 
round ^ fixed by the action qftlie same central force. 

Let PQ and ST bo the similar orbits described by P 
and a round O, their centre of gravity. Take 

Sp=SP, ipSq^iPCQ, 

and take Sq such, that 

Sq : Sp=CQ : CP= TQ : SP ; 

.'. Sq=TQ, 

and therefore q traces out the apparent orbit of P. Draw 
the subtenses QR, qr, parallel to CI^ Sp, and meeting the 
tangents at P, p in R, r. 

Let a body be projected from p with a velocity v, which 
is to F the velocity at P, 

as ,/STP : Js,BsJSp : JcP] as ijpi- : ^PR 




by similar figures, and let Ty t be the times of describing 
PR,pr; then ultimately 

T^PR^pr PR fpr\ 1^3^ /^ 

t F'v pr ' W PR~ \ pr^ \ qr ' 



H. K. 



\V 
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Also the force being the same, 

space through which P is drawn in T^ _ ^ _ Q^ 
space through which p is drawn in f^ " t^ ~ qr 
ultimately, 

but i20= space through which P is drawn in 2*', 
.*. rg= p <" ; 

and therefore q is the place of the body at the end of i!'\ it 
will also continue in the curve, for the forces being equal 
and the orbits similar, the resolved parts of the forces in the 
directions of the tangents will be equal at all corresponding 
points in the arcs PQ, pq ; hence the increments of the 
velocities continually generated, as the bodies describe 
the arcs, will be ultimately as the times of describing 
similar arcs, that is, 

as r:^, as n/S": s/S+P'; 

.*, componendo, vel. at q : vel. at Q= n//S+ P : JS^ 

hence the body is under the same circumstances as at /?, 
and will therefore continue in the curve. 

Cob. 1. Two bodies ^ which attract each other with 
forces varying as the distance, describe similar ellipses 
about their centre of gravity and abotU each other as 
centres. 

For the orbits described about (7 and about each other 
are similar to that described about S fixed, which in this 
case is an ellipse, whose centre is S, 

CoR. 2. Two bodies, which attract each other with 
forces varying inversely as the square of the distance, 
describe similar ellipses about their centre qf gravity and 
about each other as foci. 

Cor. 3. Two bodies revolving round their centre of 
gravity describe round it areas proportional to the times. 

Let PQ, PQ' be arcs respectively similar to pq, pq, 
and let T, T\ t, t, be the times of describing the four arcs 
respectively ; 
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also by similar figures, 

area PCQ ^ area p Sq ^i^Z. 
area PCQf Bxe&pSq' ^f~T''' 

.*. area PCQ a time of describing it. 

Pbop. LIX. The periodic time qf P round S at 
rest : that qfTorS round C = s/W+F : ^/S. 

For the orbits, being similar, may be divided into the 
same number of similar parts, as/>^, PQ in Prop. LVIII. ; 

and time of describing j^^ : time of describing PQ 

= iJs+P : s/'S, 

and the same being true for the times of describing all 
the similar arcs, we have componendo 

periodic time of P round S at rest : that ofP orS round C 

Pbop. LX. Force a {dist.y*. J!/{b.) be the axis major 
i^ the apparent orbit described by P round S in motion, (af) 
that qf an orbit described by P round S at rest in tJie 

same periodic time, then a : a' = \/S + P : n/S. 

Let p^^ be the ellipse, of which d is the axis major, 
that is, let jpV ^ mi ellipse described by P round S at 
rest, in the same periodic time as that in which P de- 
scribes an ellipse round S in motion, or as that in which 
PQ is described ; and let pq be the apparent orbit de- 
scribed by P round 8 in motion ; then, since the forc^ vbl 
the two orhita is the same^ 
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periodic time in p'^ : periodic time in pg=a^ : a* (Prop. 
XV.); also by Prop. LIX. 

period.' time in pq : period, time in PQ- Js+ P : s/iS ; 
/. period, time in f/^ : period, time in PQ 

the first term of which proportion is eqnal to the second 
by the hypothesis, 

.-. (S+P)c^*=&^; 

» 

Prop. LXIV. To determine the motion of a system qf 
bodies attracting each other with forces varying as the 
distance between their centres. 

Let P and Q be two bodies collected in their respec- 
tive centres of gravity. Join PQ and take PF : PQ 




n 

= Q : P + Qj then F is the centre of gravity of P and Q ; 
BJid{P-^Q),PF=Q.PQ=forcGofQonP;hnt{P + Q)PF 
= the force, which two bodies equal to P and Q placed 
at F would exert on P, therefore P is attracted in the 
same manner as if a body equal to the sum of the bodies 
were placed at F, and will therefore describe an ellipse 
round F at rest as its centre. Similarly Q will describe 
an ellipse round the same point as a centre, and in the 
same periodic time, since the absolute force P+Q ia the 
same in both cases. 

Let Jibe A thii-d body, join RP, RQ, RF ; the forces 
Ji .PE%xid R . Q/?, wbicVx R e^LexU \jii P wid Q, may be 
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resolved respectively into R . PF, R . FR^ and R . QF, 
R . FR', the force R . ^jR, beings the same for either 
body, prodaces no disturbance in their relative motions, 
and therefore the bodies will move in the same manner 
with respect to each other, as if that force did not act. 
The other forces R . PF^ R . QF, varying as the distance 
of P and Q from F, will not cause any perturbations in 
the orbits described by P and Q round F, and therefore 
these bodies will still describe ellipses round F, but since 
the absolute force is increased in the ratio of P+Q-^-R : 
P+Q, the periodic time will be diminished in the ratio of 

>/P+ Q : JP + Q+R, 

Again, in FR take FG : FR=R : P + Q + R, and join 
PG, QG; then G is the coDtre of gravity of P, Q, R; 
and R, FR=(P+Q + R) . FG; hence the force which 
R exerts on P is equivalent to the forces R . PF and 
(P+C+i?) . FG, and the force which Q exerts on P is 
equal to (P + Q) . PF; hence the whole force on P is equal 
to (P-k-Q-^R) PF and (P + Q + R) FG, that is, to 
(P+Q+R) PG, and therefore P will describe an ellipse 
round G^ as a centre. Similarly Q will describe an ellipse 
roxmd the same point as a centre, and therefore P and Q 
describe ellipses round their common centre of gravity 
and round the centre of gravity of the system. 

In the same manner it may be shewn that P and R, and 
Qand i?, will describe ellipses round their common centres 
of gravity respectively, and round the centre of gravity of 
the system ; and the same may be proved of any number 
of bodies. 

Peop. LXVI. Force oc {dist)'\ Two bodies S and P 
revolve round a third T in such a manner, that P de- 
scribes the interior orbit: to shew that P tcill describe 
rotmd T areas more nearly proportional to the times, 
and a figure more nearly resembling an ellipse, if T be 
acted on by the attractions of the other two, than if it 
were either not attracted by them at all^ or attracted 
much more or much less. 

Let PAB, ESFhQ the orbits of P anai S xes^^^Mvi^^' 
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1. Let the orbits be m the same plane. Join SP, PT^ 
TS^ and in /SP, produced if necessary, take KS equal to 
the mean distance of P from aS', and let it represent the 




B 

accelerating force of attraction of P to /S' at that dis- 

tancej take also LS=p^. K'Sf then Z/S'will represent the 

attraction of P to S at the distance PS. Draw LM pa- 
rallel to PT* meeting ST, produced if necessary, iu 3f, 
and resolve LS into the forces LM, MS. 

P is acted on by three forces, LM, MS and its original 
gravitation to T, the last of which would cause it to de- 
scribe areas proportional to the times and an ellipse, fociw 
T: the force LM, acting in the direction PT, does not 
affect the equable description of areas, but since by com- 
position with the attraction of T on P it forms a force 
not varying as (dist.)"^ it will disturb the elliptic form of 
P*s orbit; and the force MS, neither in the direction PT, 
nor varying as (dist.)"^, will disturb both the equable de- 
scription of areas and the elliptic form of the orbit. 

Let NS represent the attraction of a^ on T; then if 
MS and NS are equal, these equal forces, acting in parallel 
directions on P and T, will not disturb the relative motions 
of the two bodies ; but if they are unequal, the disturbing 
force on P will be represented by their difference MN; 
hence the less MN is, the smaller will be the disturbances 
produced: now since the distance of P from S is some- 
times greater and sometimes less than that of T from S, 
the mean attraction KS of P to S differs less from NS, 
than if T were attracted by a mtic^ ^eater or much less 
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tcfroe ; that Is, the disturbing force MN will be less, and 
tiierefore the equable description of areas and the elliptic 
form of P's orbit will be less disturbed, if 7* be attracted 
by S^ than if it were not attracted by 8 at all, or attracted 
much more or much less. 

Def. Tlie Line qf Nodes is the straight line, in which 
the planes of the orbits of P and S intersect each other. 

2. Let the orbits lie in different planes. The same 
construction being made, the force LM acting in direction 
PT, which is in the plane of P's orbit, produces the same 
effect as in the first case, and has no tendency to draw P 
from the plane of its orbit But MN, acting in a direction 
inclined to that plane, except when the line of nodes passes 
through Sj not only produces the effects mentioned in the 
first case, but also tends to draw P from the plane of its 
orbit; and this and the other perturbations depending on 
the magnitude of J/iV will be least, when MN is least, 
that is when NS is equal or nearly equal to KS, as before. 

Obs. In the proposition P is supposed to describe an 

oii>it. round T fixed ; this cannot in reality be the case, as 

long as its magnitude bears a finite ratio to that of T\ for, 

leafing out the consideration of the forces which S exerts, 

the two bodies P and T describe orbits about their centre 

of gravity. The orbit here meant is the apparent orbit of 

P to a spectator at T, that is, the orbit pQin Prop. 57. 

If, however, we suppose a force applied every instant to 

P and 7* equal and opposite to that which P exerts on T, 

Twill remain at rest, and the gravitation of P to 2* will be 

the sum of the attractions of T on P, and of P on T, 

acting in the direction P2^; so that the whole gravitation 

P+T 
i^PU^T^^^. 

Prob. I. To investigate expressions for the disturbing 
forces of ^ on V, on the supposition that P** orbit is 
circular, and coincident with the plane qf S'* orbit. 

Force of JS on P represented by LS=^-^r^^^ 
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.*. force of /S'on P in direction FT 

SP^' L8 SP^'SP" SP^ 



(1), 



this is called the addititious force, and is represented by 
LM. 

Again, force oi Son P in direction TS 

__^_ Ml- A, sp _s,sT 

~ SP^LJS " SP^' ST~ SP* ' 

Of . 

and force of aS' on Tin direction TS = omj ? 



.*. disturbing force of aS' on P in direction TS 

iSP^ Sf^) 



(2),- 



this is called the ablatitiotts force, and is represented 

by MN, 

Draw NR perpendicular to LM\ then MN is equiva- 
lent to MR, RNy 

RN=MN%\nNMR=S, |;^-;^^2| sm PTS.,,{Z), 

this force acts in the direction of the tangent at P, and is 
called the tangential force. 

Similarly, MR = S. |^ - ^J ^os PTS, 
hence LR=LM-MR-= 

S.PT ^ \ ST 1 ) -nrrye* / -v 

jsp~, — '^•(;sps-^co8PTO; (4), 

this force, which is the resultant of the disturbing forces 
of Son P in direction PT, is called the central disturbing 
force. 

Hence the gravitation of P to T 
P+T ( PT /ST __ 1 \ ) 

- pjT, + A^ . I^pa ^^,^3 ^yay COB J:^I^j. 
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PftOB. II. To find approximate expresnonB for tltc 
ahovs diiturbing forces, when ST is very great compared 
fcith PT. 

SP={ST^-^ST. FT COS PTS^PT^} 

=iS'T |l -^^ cos PT^I^ nearly ; 

'• S^~ ST ~ 'ST* '"^ ^ ^'^' 
hence the ablatitioiis force 

= — ^jrs- COS PTS, 

the tangential force 

= ^-^- cos PTS.fAuPTsJl^^J fm2PTS, 

the central distorbins: force 
S,PT 



S,PT 



|l + -|!^cos PTS\ - ^f^~ co8»Pr5 
.{1-3 cos* PTaS} nearly 



or P7» 

= -^^{l+3co»2PTS}. 

CoR. 1. Let P=the mean central disturbing force, or 
the force, which, acting uniformly for a whole revolution 
of P round T, would produce the same effect as the 
yariable central disturbing force; and let the four right 
angles through which TP moves in one revolution be 
divided into n equal angles ; then 



„ S,PT 1 j „ / 47r 



Stt , 127r 
cos- +COS — + ... 

n n 



4w7r\ 1 
+ COS \\ when n is infinite, 
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cos ( . 27r J sin 2«r 



S,PT ] 3 

sin — 
n 



S.PT 
2ST 



when n is infinite. 



J ) 



and therefore the mean central distnrbing force is abla- 
titious, and diminishes the gravitation of P to T. 

« 

Def. 1. P is said to be in syzygy, when its orthogonal 
projection on the plane of zS'^s orbit lies either in ST or in 
/S' 7^ produced, and in quadrature when the projections lie 
in a lino drawn through Tin the plane of #S"8 orbit perpen- 
dicular to ST 

In the first nine corollaries to the Proposition the planes 
of the two orbits are supposed to coincide, and therefore P 
will be in syzygies at ^ and C, when crossing the line ST 
or /S'7' produced, and in quadratures at B and Z), 90® dis- 
tant from AqxG, S and P move in the directions ESF^ 
DAB, The distance PS is supposed invariable, and so 
great as to be always considered parallel to TS, In the 
eighth and ninth corollaries the exccntricity of P's orbit is 
taken into account, but the expressions above obtained for 
the disturbing forces on the supposition that Ps orbit is 
circular, may, on account of the smallness of the excen- 
tricity, be applied without afiecting the general correct- 
ness of the results deduced. 

CoR. 2. If the planes of the two orbits coincide, the 

iS PT 

central disturbing force = sJt3~~ ^^®° P is in syzygies, 

S PT 
and =—^-^3- when P is in quadratures; and is therefore 

ablatitious in the former case, and addititious in the latter. 

Def. 2. If the Earth, Moon and Sun be supposed to be 
represented by T, P, and Sy the Moon is said to be in perigee 
when at the nearer, and in apogee when at the farther apse. 
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Corollaries to thx Proposition. 

Cor. 1. What has been proved as to the distarbances 
caused by S may be proved as to tliose produced by any 
other body revolving round T: hence if several bodies P, S^ 
Ry &C. revolve about another 7*, tlio motion of the inner- 
most body P will be least disturbed by the attractions of 
S^ R, &c. when T is attracted by the others in the same 
manner as they mutually attract each other. 

CoR. 2. The areas, described by P round T in the 
same given timeSy continually increase as P moves from 
quadrature to syzygy, and continually decrease from 
syzygy to quadrature. 

For the only part of the disturbing force which affects 
the equable dedcription of areas is the tangential force, and 
it acts in consequently from upper quadrature to syzygy, 
and in antecedenti4 from syzygy to lower quadrature. 

Similarly the areas described in tho same given times 
increase continually from lower quadrature to syzygy, and 
decrease i^m syzygy to upper quadrature 

Cor. 3. The velocity of P is greatest in syzygies, and 
least in quadroUures. 

Cor. 4. If Vs orbit he originally circular , the curva- 
ture qfth^ disturbed orbit will be greatest in quadratures, 
and least in syzygies. 

For the radius of curvature in an orbit nearly circular 

(vel.)* 
oc — I — Yc > and therefore the curvature, which varies 

force 
inversely as the radius, varies as - — p-g . Now the force of 

P to ^ is greatest in quadratures, and least in syzygies, 
and the velocity of P is least in the former case, and 
greatest in the latter ; hence on both accounts the curva- 
ture is greatest in quadratures and least in syzygies. 
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Cor. 6. Hence P** orbit, if it he originally circular, 
fcill assume the form of an oval, whose axis mqjor passes 
ihrov^gh quadratures and axis minor through syzygies. 

Cor. 6. To consider the effect produced by the diS' 
turhing forces on the periodic tim^ecfY round T. 

The tangential force accelerates and retards P*8 motion 

equally in a whole revolution, and therefore does not affect 

the periodic time. But the central disturbing force in a 

whole revolution diminishes the gravitation of P to T, 

and therefore increases the distance PT\ hence the 

(rad) 
periodic time, which a ^ , will from both 

vabsolute force 
these causes be increased by the action of the central dis- 
turbing force. 

Obs. If aS' approach towards the system T'and P, the 
central disturbing force, which varies inversely as ST^, will 
be increased, and consequently the gravitation of P ta T 
will be still more diminished, and the distance P 7^ in- 
creased: hence the periodic time will be still farther 
increased. 

Cor. 7. The orbit of P being supposed nearly circular, 
to consider the effect of the central disturbing force on ths 
motion qfits apsides during a tchole revolution. 

Let PT=r, and let ^ represent the force of TonP; 

then if vr represent the addititious force, when P is in 
quadrature, — 2vr will represent the ablatitious force when 
P is in syzygy; and therefore the whole attractions of P to 

7* in quadrature and syzygy respectively will be ^+ 1^, and 
^-2pr. Hence if the force in quadratures prevailed for a 

whole revolution, the apsidal angle would = . / - — ^.360*, 

which is less than 360^, or the apside would regrede; and 
if the force in syzygies prevailed for the same time, it would 
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= ./ ^-^ " . 360**, which is g^reater than 360*, or tiie apside 

would precede. At any other point the apside will re- 
grede or progrede, according as the disturbing force at 
that point increases or diminishes the gravitation of P to 
T; but the gravitation is on the whole diminished by the 
central disturbing force, and therefore its tendency is to 
make the apsides progredo. 

Obs. In investigating in this and the following Corol- 
laries the effects produced on P's orbit by the different 
disturbing forces, it is to be observed that only general 
results are obtained : the disturbing force may be supposed 
to act by impulses, its effects are then examined at the 
points where its action is most effective, and from these a 
general conclusion is drawn as to its effect in a whole 
revolution of P, 

Cor. 8. The orbit to P being supposed excentric, to 
consider the effect of the central disturbing force on the 
motion qf its apsides, 

1. Let the apsidal line be in a syzygy ; draw the tangent 
Pp in the direction of P'a motion. As P approaches 
perigee, the central disturbing force being ablatitious^, 
tends to draw P from T; hence the acute angle TPy is 
increased by it, or P arrives at an apse (tt) sooner than it 
would have done in the undisturbed orbit ; therefore the 
apsidal line regredes. For a short time after passing 
perigee, the disturbing force, being still ablatitious, tends 
to increase the obtuse angle TPy, so that P appears to 
have proceeded from an apse (tt') still more distant than 
it; hence if the disturbing force now ceased acting, so that 
P described an undisturbed ellipse, the apogee, found by 
producing nT, will have regreded more than that found 
by producing irT, and therefore both before and after 
perigee, the tendency of the central disturbing force is to 
make the apsidal line regrede. As P approaches near to 

* In this and the remaining Corollaries, the central disturbing force is 
called ablatitious, when it acts in the direction TP, and therefore tends to 
4iTntni8h the gravitation of P to T. 
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apogee, the disturbing force being still ablatitious increases 
the obtuse angle TPy^ and .*. P arrives at the dpse later 
than it would otherwise have done, or the line of apses 
progredes ; and in like manner as before it may be shewn 
to progrede still farther after P leaves apogee; hence 
when P is near apogee the line of apses is progressive. 
Now the disturbing force, varying as PT, is greater in the 
latter case than in the former, hence the progression of the 
apsidal line, when P is near apogee, is greater than tlie 
regression, when P is near perigee. 

2. Let the apsidal line be in quadrature : then at the 
apsides the disturbing force is addititious ; and it may be 
shewn as above, that when P is near perigee, the apsidal 
line progredes, and regredes when P is near apogee ; and 
the regression in this case is greater than the progression ; 
therefore since the whole motion of the apsides for other 
positions of P is inconsiderable, in this position the apsidal 
line is regressive. 

The apsidal line then progredes when in syzygy, and 
regredes in quadrature : but the progression exceeds the re^ 
gression; for the former is duo to the difference of the 
ablatitious forces at apogee and perigee, when the apsidal 
line is in syzygy, and the latter to the difference of the 
addititious forces at the same point, when that line is in 
quadrature, and the former difference equals twice the 
latter. As the line of apses by the actual motion of S 
appears to revolve from syzygy to quadrature, the pro- 
gression for the same reason exceeds the regression ; hence 
during a whole revolution of S the effect of the central 
disturbing force is to make the line of apses progrede. 

Moreover, when the apsidal line is in syzygy and there- 
fore progressive, it is moving in the same direction as S, 
and thus continues longer in syzygy than if S were 
quiescent, and hence the progression is increased. When 
the apsidal line is in quadrature, the contrary takes place, 
and the regression is not so great as if /S' were stationary. 
(Vid. Airy's Gravitation) 

Cor. 9. To consider tJie ^ect qfthe central ditturbinff 
force on the excentricity qfF's orbit. 
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the plane of P's orbit: and let PQ be a small arc of the 
orbit which P would describe, were there no perpendicular 
force; PQ a small are of the disturbed orbit 

Then it is manifest that when P is ascending from the 
node, N' the node oi PQ will lie behind or before iV, that 




is, the node will be retrograde or progressive, according as 
Q^ is at a less or greater distance from the plane of S*^ 
orbit tiian Q, that is, according as the perpendicular force 
tends towards or from that plane ; and the same is true of 
the node w, when P is approaching that node. • Now by 
what has been shewn in the first part of Cor. 10, the force 
tends always towards the plane, except between quadrature 
and the nearer node; hence the motion of the node is 
always retrograde, except when P is moving between quad- 
rature and the nearer node. 

If a be the angular distance of the node from quadra- 
ture, the node will be progressive while P moves through 
2a®, and retrograde through 360"- 2a®. 

Since a is less than 90 except at syzygy, the nodes in a 
whole revolution of P regrede more than they progrede. 

If the nodes be in quadratures, they will regrede during 
the whole revolution ; when they are in syzygies, the dis- 
turbing force acting in the plane of P's orbit, produces no 
effect upon the node, which therefore remains stationary ; 
it will however pass out of syzygy by the motion of S^ and 
become retrograde. 
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B and D the force is addititious, and at B, P is moving 
from, and at D towards perigee, hence the tendency of the 
force at J9 is to diminish, and at D to increase the excen- 
tricity ; but TD is greater than TB, and the distance is a 
measure of the addititious force at these points, therefore 
on the whole the forces at B and D increase the excen- 
tricity. Hence in this position of the apsidal line the 
excentricity is increased in a whole revolution. 

3. By reasoning similar to the above it may be shewn, 
that as the perigee moves from syzygy to upper quadrature, 
the excentricity is continually decreasing ; that it increases 
as it moves through Z> (7, and decreases through CB\ so 
that generally, the excentricity continually increases as 
t/ie apsidal line revolves/rom quadrature to syzygy^ and 
decreases as that line revolves from syzygy to quadrature. 

Cor. 10. To consider the effects produced on the in- 
clination of F's orbit to that of ^ by the ablatitious force. 

Let Nn be the line of nodes: through P draw PI 
parallel to TS to represent the ablatitious force at P, IM 
perpendicular to the plane of P's orbit, and join PM: the 
force PI may be resolved into the two PM, MI, of which 
the latter alone affects the inclination of the orbit ; and 
since during P's motion from upper to lower quadrature 
the ablatitious force acts in direction TS or P/, and 
through the remaining part of the orbit in direction ST 
or /P, the perpendicular force in the former case acts in 
direction MI, and in the latter in direction IM ; hence the 
perpendicular force tends towards the plane of aS"s orbit 
through Dn and BN, and from it through nB and iVZ); 
and similarly, whatever be the position of the nodal line, 
the perpendicular force tends towards the plane of >S"s 
orbit, except when P is between quadrature and the 
nearer node. 

In the plane of P's orbit, draw ZTZ' perpondicolar 
to Nn. 

1. When the nodes are in syzygy, since no part of the 
disturbing force acts out of the plane of Ps orbit, the ix^ 
clination will not be affectedb^ it. 
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2. Let the node N He between upper qnadrature and 
further sjfvjgjf and let the portion NPn of its orbit be 
abore the plane of that of S. From upper quadrature to 



s 




ZfPia moving from the plane of STs orbit; let Py the 
tangent at P (fig. 2) be produced backward to meet that 
plane in ti^ draw Pm parallel to MI; then Pa^ the new 




direction of P's motion will fall between Py and Pm, and 
when produced backwards will cut the plane in 9 at a less 
angle than that in which yP cuts it, and therefore the 
inclination of P's orbit» the position of which is determined 




by the point T and the direction of P's motion, is dimi- 
nished. From Z to n, P is moving towards the plane of 
STs orbit, and therefore, as appears from fig. 3, Po! will <»it 
the plane at a greater angle than that at \v\AOck P^ qqX&NX»> 
or the incliDation is increased. 

itjsr. VL 
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Fran n to lower quadrature P is moying from the 




plane, and the perpendicular force now tends from the 
plane, and therefore, as in fig. 4, the inclination is increased. 

In a similar manor it may be shewn^ that as P moves 
from B to Z' the inclination is diminished, that it increases 
from Z' to iV, and also from iV to 2> ; hence if NTD=a^ 
the inclination in this position of the line of nodes is in- 
creased, while P describes ISO^ + 2a^ and diminished through 
180*-2o». 

3. When the nodes are in quadrature the inclination is 
as much increased as it is diminished, and therefore at the 
end of one roYolution it is unaffected by the ablatitious 
force. 

4. Let N lie between O and J? at an angular distance 
(a) from B ; then it may be shewn by reasoning similar to 
the above, that in this position the inclination is increased, 
while P moves through 180® -2a^, and diminished through 

As the node recedes (see Cor. 11) from quadrature to 
syzygy, the inclination is increased, and from syzygy to 
quadrature it is as much diminished, so that in a whole re- 
volution of the nodes tho inclination is neither increased 
nor diminished The inclination is a maximum when the 
nodes are in syzygy, and a minimum when they are in 
quadrature; and least of all when the nodes are in. quad- 
rature and P in syzygy. 

Cob. 11. To con»ider the effects prodtieed on the motion 
qfthe Nodes by the ablatitious force. 

Let P be the place of tbe \)ody \ toboIvq the ablatitioos 
force at P into two, one perpeu^ci^Qili&x \a «sA>^^ <^^^ \i^ 
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the plane of P's orbit : and let PQ be a small arc of the 
orbit which P would describe, were there no perpendicular 
force; PC a small arc of the disturbed orbit. 

Then it is manifest that when P is ascending from the 
node, N' the node of PQ' will lie behind or before N, that 




is, the node will be retrograde or progressive, according as 
Q' is at a less or greater distance from the plane of S*% 
orbit than Q, that is, according as the perpendicular force 
tends towards or from that plane ; and the same is true of 
the node w, when P is approaching that node. • Now by 
what has been shewn in the first part of Cor. 10, the force 
tends always towards the plane, except between quadrature 
and the nearer node; hence the motion of the node is 
always retrograde, except when P is moving between quad- 
rature and the nearer node. 

If a be the angular distance of the node from quadra- 
ture, the node will be progressive while P moves through 
2a<>, and retrograde through 360®- 2a''. 

Since a is less than 90 except at syzygy, the nodes in a 
whole revolution of P regrede more than they progrede. 

If the nodes be in quadratures, they will regrede during 
the whole revolution ; when they are in syzygies, the dis- 
turbing force acting in the plane of P's orbit, produces no 
effect upon the node, which therefore remains stationary ; 
it will however pass out of syzygy by t\ift txvsAKssisl ^sil S>,^i5^^ 
hebome retrograde. 
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CoE. 12. The fffecta prodtLced by the disturbing forcei 
are greater, when V is in conjunction than when in op' 
position. 

For when P is at nearer syzygy or in ooi^jonction, the 

S PT 
addititioiis force = ' ^ , and when at farthef syzygy or in 

opposition, it = —-^jw ; and SA being less than SO, the 
former value is greater than the latter. Also in the former 
case the ablatitious force = — ' .» , and in the latter it 

= — dri2~i *n^ therefore is greater in coiguncUon than in 

opposition. Hence, the effects produced by these forces 
will be greater in conjunction than in opposition. 

Cob. 13. The reasoning employed in this proposition is 
wholly independent of the magnitude of /S'; if therefore 8 
be so great, that the system of P and T reyolves round 8 
fixed, the disturbing forces will be of the same kind as 
when S vioved roimd T fixed ; but since each varies as 8y 
they will all be increased in the same ratio as that in which 
we suppose /S' to be increased. 

Cob. 14. X^ S and the distance ST varf/y whilst the 
system qf P and T remains the same, the angular error 
ofYcts seen from T, produced in a given time by the dis^ 
turbing force qf S, will vary inversely cts the square qf 
the periodic time qf T round S, or directly as the cube qf 
the apparent diameter of^as seen from T. 

For let 8" and 8' The other values of ^S^and 8T; then 
in any given position of P, since PjT is the same, the dis- 

turbing forces of /S^ on P are to those of /S' as o^,, : ^;= , 

and therefore the linear errors produced by them in the 
same unit of time ^e in the same ratio, and PT being 
given, the angular errors as seen from T will be propor- 
tional to the linear errors; and the same being true of all 
corresponding angular errors, compcmendo, the angular 
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errors generated in a given time will be as -^^ : 777^9 
that isy by Prop. XV. as 



(pa-, time)* of TrovaidS ' (per-, time)" of Tromid S' • 

and therefore the angular error varies inversely as 

(per-. Umef of T round S. 

Also if Z>= diameter of S,S (x 2>>, and therefore angu- 
lar error a -^^ a the cube of the apparent diameter of 
i9 as seen from T» 

Cob. 16. Zf there be ttoo systems P, T, S and F, T, S', 
such that S : 8'=T : T, and FT : ST = FT' : S'T' ; andif 
the orbits qf P and V be similar and similarly situated, 
their periodic angular errors round T and T arising 
from the disturbing forces cf S and S' wUl be equal. 

The bodies P and P' at any two similarly situated 
points in each orbit, are similarly acted on by proportional 
forces, and therefore the linear errors, generated while 
th^ move through small similar parts of their orbits, will 
be similar and proportional, and will therefore be respec- 
tively as the diameters of the orbits; hence, the angular 
errors through those small parts will be equal; and this 
being true of the errors through all corresponding parts, 
the periodic angular errors will be equal. 

Coa. 16. In any two systems P, T, 8 and F, T, S', 
in which the orbits of P and F are similar and similarly 
situated, to compare the periodic angular errors round T 
andH. 

Let P and p be the periodic times of T round S and of P 

round T, 

P'andi/ r /S^andofP' 

round T. 
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In TS, produced if necessary, place a body s such that 
s : S'=T ; T\ and at a distance sT from T, such that 

Then by Cor. 15, the periodic angular errors in the system 
P\ T\ S* equal the errors in the system P, jT, *. Again, 
by Cor 14, in the systems P, T, aS* and P, T, s the angular 
errors in a given time, and therefore the periodic angular 
errors are 

_s PT^ s^ P'r» jp2 ^^ 

^ /S'jT* * T ' S' T'^ ' t' * or as ^ : p^-^ ; 

therefore the periodic angular errors in the systems P, 
r, /S^and P', r, S' are as ^ : ^^ . 

Hence, if the orbits of two satellites be similar, and 
equally inclined to the orbits of their primaries, the periodic 
angular errors in their orbits will vary directly as the 
squares of the periodic times of the satellites, and in- 
versely as the squares of those of the primaries. 

The errors here spoken of are the angular motions of 
the nodal line, apsidal line, &c. 

CoR. 17. To compare the mean addititious force toith 
the force o/T on P. 

Let P be the periodic time of Ground S, 

p that of P and 7* round their centre of gravity; 



/P+ T 

therefore ^ — ;y,— .p^time in which P would reTolve 

round T at rest at the same distance TPy by Prop. LIX. 



Nowy mean addititioiu force = 



and force of ^ on 7^ = 
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S,PT 



ST* 

S 



/. mean addititiouB force : force of Son T=PT:ST, 
and by Prop. IV. 

force of ^on T: force of Taa P= ~: ^^ ^ 



P» • p* 'P+T' 



1 1 T 

/. mean addititious force : force o(TonP=-:^ : — . 



The force of 7* on P here spoken of is that with which 
T' alone draws P, and this force is to that with which P 
and T are drawn towards each other as T : P+ T; hence 
compounding this with the aboTe proportion, we haye 

mean addit*. force : force of P and T towards each other 
_ Jj_ 2^ 



The formulse which we subjoin have been proved in 
Sections II. and III., bnt are here collected together on 
account of their great use in examples on motion in oonio 
sections about a force to the centre or a focus. 

In all orbits, 

PV 
and «*=jF'— r-. 



In an ellipse or hyperbola about the centre, 

F=iJL.CP=iJLr, 

ii>=S.CD (or I); 
in an dlipse about the centre, 

In an eUipse about the focns 8, 






Section XI. 185 

in a hyperbola about the focus, the same fonnnlse except 
for Oy which is 

r a* 
in an elfipse about the focus, 



in a parabola about the focus, 

r being the distance of the body from the centre of force, 
L the latus rectum, a, h the semi-axes of the ellipse or 
hyperbola, and fi the absolute force. 



In order to understand the relation which numerical 
results given by these formula have to numerical measures 
of space and time, consider any force/ whatever, and sup- 
pose it to act constantly on a body for time t and to gene- 
rate in that time a velocity with which a body would 
describe a space « in an equal time t ; then if t were our 
unit of time / would be numerically equal to «.(De£ 7, 

page 6) ; if not, the velocity generated is represented by 7, 

V 

(1) 

and therefore the force by ^— or by ^. 
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Thus -7>=t^; that is, /is a linear space, and is so related 

to the space s that the ratio of « to /is equal to the square 

of the ratio which the time t of generating the velocity - 

{ 

bears to the unit of time ; or briefly, -^ is the square of 

a time. 

We will apply this consideration to the expressions 
above given for the forces in an ellipse about the centre, 
and about the focus. 

(1) The orbit is an ellipse about the centre : 
here F=fiCP. 

And if « be any linear space, 

g 

^ is the square of a time, 



g 
or -^^ is the square of a time ; 



th^ 



1 /CP . 



v/i 



or — p is a constant time connected with the variable 
time t by multiplying the latter by the variable ratio 

V s 

' The periodic time in the orbit must bear some definite 

1 c 

numerical ratio to this time -r^ : or P=— ^ ; where e is 

some nimiber. This number is (page 79) 27r, or 6*18... 
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(2) The orbit is an ellipse about the focus S: 



here F= ^ 



And if « be any linear space, 

=j is the square of a time ; 



let then — = =<•, 



/sxSP* 

therefore /^/ is the variable time t : 



thus fi must contain a factor expressing linear space in 
such a manner as to bear a ratio to « x JSP*. 



Let then I be any given length, and let ii=iJk'l* ; 

/sxSP* 
therefore iy — ^7,— = t : 



1 / l^ 



J. 



Thus -T= (or /^ - } is a time, which is constant,—- 

because I and m> and therefore — , are constant — and is 

'^ ft 

connected with the variable time t by multiplying the 



^tter by the variable ratio >y/ orp2 • 
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The periodic time in the orbit must bear some definite 

1 /I* 

numerical ratio to this time --— . or >v/ - : hence 



=v?. 



where c is a numerical constant : if / be taken equal to 
a the semi-axis-nugor of the ellipse, we have (page 93) 

As another example, let a body describe an orbit about 
a centre of force varying as the inverse n^ power of the 
distance. 



Here ^=^; 



and, if « be any linear space, 



pr=^, where < is a time ; 



let fi=l''*yy 

where Ms a constant length ; 



then 



1 //-+* , 



thus -7= is a constant time : 



hence P=—^ = c\/ — , 

irZrere /« is the absolute force, c a nwmerical constant, I a 
conatant length. 
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The following examples are added to be worked out by 
the processes employed in Newton's first three sections. 
In some of them the following proposition will be found 
useful; for the proof of which we refer the student to 
Todhuntor's Algebra^ Art 666. 

Pbop. The limiting yalue of the fraction 

« 

when n is indefinitely increased^ is 



p+1* 



EXAMPLES. 



• SECTION I. 

• 1. Two straight lines AB, A'B' cut off the same area from 
a given oval curve; find their point of ultimate intersection 
when A'B' moves up to coincidence with AB. 

2. Two circles have their centres on a given curve and pass 
through a given point ; find the limiting position of their chord 
of intersection as their centres move up to coincidence with a 
given point of the arc. 

3. Circles of the same radius R are described cutting a 

straight line ABC in AB^ AC respectively ; prove that when C 

approaches indefinitely near to B the line joining the centres 

AB 
of the circles is inclined to ABC at an angle whose sine is 7^-5 . 

2x( 

4. ^P is a chord of a given circle, AQ,Vk chord near AP-, 
find the position of the point of ultimate intersection of circles 
described on AP, AQ^ir diameters, when Q approaches and ulti- 
mately coincides with P, 

5. ABj AE&TG two straight lines intersecting in A ; AE is 
divided into three equal parts in C, D; S ia any other point; 
SC, SD, 8E cut AB in Jf, Jf' , M". Prove that 

MM' 3 
^^' M'M"~V 

when AE is indefinitely great. 

* 6. In a right-angled triangle the altitude is constant, and 
the base variable: find the ultimate ratio of the indement of 

the base to the increment of t\\e Yi^potVenwAe. 
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7. A and B are two fixed points, CD is a fixed straight 
line, and cd is another 'straight line moving, object to the con- 
dition that the rectangle under the perpendiculars upon it from 

\ A and B is equal to the rectangle under the corresponding per- 
pendiculars upon CD. If the lines CD and cd intersect in P, 
prove that, ultimately, when CD and cd coincide, the angle 
APC will be equal to the angle BPD, 

8. Prove that the surface generated by the revolution of a 
semicircle round its bounding diameter is to that generated by the 

^ revolution of the same semicircle round the tangent at the ex- 
tremity of the diameter in the ratio of the length of the diameter 
to the length of the senucircle. 

9. Two tangents are drawn to an ellipse; draw a third, so 
that the area of the triangle formed shall be the least possible. 

10. Two similar lumps of ice are melting, and the diminu- 
^ tion of volume at any instant is proportional to the area of the 

Bur£ftoe of each lump. Do the volumes tend to equality ? 

11. Find the area of a portion of a circle cut off by the 
diameter AB and a chord AP, 

12. Find the area bounded by a portion of a hyperbola^ 
two ordiuates parallel to one asymptote, and the other asymp- 
tote. 

13. There are n curves of which the areas cut off by ordi- 
nates at any the same distances from their vertices are as 
Oi : Oj... : o^. Shew that if they revolve about their axes, the 
aolids of equal heights so generated are as o^' : o,^ ... : a^^K 

^ 14. Find by Lenuna II. the area bounded by the curve 
0^=06', the ordinate y=b, and the axis of x, 

15. Find the volume generated by the revolution of the area 
*^ bounded by the curve ^=ax', the ordinate y=b, and the axis of 
Xf about the same axis. 

* 16. Find the position of the ordinate which bisects the area 
bounded by the curve ay'=ixi*, the ordinate y=b, and the^axis 

«f m. 

^ 17. Find the area of the curve r^=a' cos 0, 

^ 18. find the area of a loop of the curve r^= a' cos 3d. 
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19. Apply Lemma IV. to shew that the yolume of a right 
conp is one-third that of the cylinder on the same base and of 
the same altitude. 

20. Assuming the area of a parabolic segment to be two* 
thirds of the circumscribing triangle, deduce the volume of i^ 

~" sphere by comparing it with a right cylinder having for its htm 
the parabolic segment described upon a diameter for chord and 
latuB rectum. 

21. Compare the volume of the ring generated by revolutloii 
jL- of a circle round a line in its own plane with the volume of a 

cylinder whose base is the circle and whose height is the distance 
of the axis of revolution from the centre of the circle. 

* 22. If two bodies move so as to have their velocitiei at 
every instant in a constant ratio, shew that the spaces described 
by them will be in the same ratio. 

23. Similar conterminous arcs which have a common tail- 
gent at one extremity have parallel tangents at the other ex- 
tremity. 

24. ST is perpendicular to the tangeAt at P to a oorve 
from a fixed point 8; and 8Z is the perpendicular from 8 on 
the tangent at F to the locus of Y: shew that 8Yia a mean 
proportional between 8P and 8Z, 

25. AB the chord of an arc ACB is bisected at right angles 
by CD ; shew that, as B approaches A, C becomes the middle 
point of the arc. 

26. Equilateral triangles are described about a given oral 
curve ; shew how to draw a tangent at any point of the onrve 
described by their vertices, 

27. If iS be a fixed point PT, the tangent at P to a onrve, 
PQ a small arc of the curve, 8T perpendicular to 8Pf QR per- 
pendicular to 8P ; shew that 

L.B. Q/J : 8Q-8P=8T : 8P. 

28. If a circle touch a parabola at the vertex, and their oentn 
and focus coincide, and a straight line parallel to the axis out 
the common tangent and the curves iD.T,P,Q; then when these 
points move up to coincidence at ^, 

L.B. otehTAP : uretk PAQ^^l, 
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29. If tlie eiunre in Lemma X. be ui are of a pftrabolA th« 
axis of whioh ii peijiendioiilar to the straight line along wludi 
time IS measured, prove that the aooelerating effect of the force 
will vary as the distance from the axis of the parabobk 

30. One circle rolls uniformly within another of twice its 
radius ; prove that the resultant acceleration of a particle situated 
on the droumference of the rolling circle tends to the centre of 
the fixed cirde, and varies as the distance from that centre. 

81. An arc of conUnuous curvature PQff is bisected in Q ; 
PT is the tangent at P ; shew that, as Q approaches P, the 
ultimate ratio of the angle Q'PT to the angle QJPT is two to 
one. 

* 32. APB is a semicircle and PN is an ordinate to the dia- 
meter AB ; if from AP^ AQ be cot off equal to PN^ shew that 
the area enclosed by the curve traced out by Q is one-fourth the 
area of the semicircle. 

33. A fixed line intersects a curve in the point P ; a point 
Q in the line is joined with two fixed points A, B ; QA, QB, 
meet the curve in B, 8, Find the limithig ratio of QR to QS, 
as Q moves up to P. 

84. The extremities of a straight line slide upon two given 
straight lines, so that the area of the triangle formed by the 
three straight lines is constant : find the limiting position of the 
chord of intersection of two consecutive positions of the circle 
described about that triangle. 

85. A straight line of constant length moves with its ex- 
tremities upon two given straight lines ; find the limiting posi- 
tion of the chord of intersection of two consecutive positions of 
the circumscribing circle. 

^. AB IB A diameter of a circle, P a point contiguous to A, 
and the tangent at P meets BA produced in T: shew that ulti- 
mately the difference between BA, BP is in a ratio of equality 
ioiTA. 

37. If PQ be an arc of continuous curvature, and the tan> 
gent and nonnal at Q meet the tangent at P in I* and N, prove 
that Ji.iBL.APQN : APQT=>2 : 1. 

88. The circle of curvature at a point of an eUqwe passes 
throng^ a vertex ; find the abscissa of the point, 

Jf.K. \'^ 
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39. If the oiitde oi €«rvature at one extreniity of the major 
axis of an ellipse passee through the farther .fcxais ; find its excen- 
tricity. 

40. The foci of all parabolas which have the same curvature 
as a given curve at a given point lie on a circle. 

41 . If the angle between the tangent and radius vector of 
a curve is a maximum or a minimum, the chord of curvature 
through £f=2iSP. 

42. Two curves of finite curvature touch each other at the 
point P, and firom T^ a fixed point in the common tangent, a 
secant is drawn cutting one curve in the points A^ B^ and the 
other in the points A\ B', and the lines AP, A'P, BP, B'P are 
drawn ; shew that, if the secant moves up to and ultimately 
coincides with the tangent, the angles APA\ BPB' will be ulti- 
mately in a ratio of equality. 

43. In the curve in which the difierence between the arc 
and the intercept of the normal on the axis of absdssae is con- 
stant, the difference between the ordinate and the normal is also 
constant. 

44. From a point on the circumference of a vertical circle 
a chord and tangent are drawn, the chord terminating in the 
lowest point, the tangent in the vertical diameter produced. 
Compare the velocities acquired by a heav^* body falling down 
the chord and tangent when they are indefinitely diminished. 



SECTIONS II, III. 

45. If a particle describe an ellipse about a focus S^ the 
rate of description of areas round the other focus S' varies as 
S'Z ^, where S'Z is the perpendicular from 8' on the tangent. 

46. A particle P moves in space under the action of two 
centres of force ^S and iS'; shew that the projection of P on a 
plane perpendicular to SS^ describes areas in equal timeis about 
the point where SS' meets the plane. 

47. If a particle acted on only by a central force^ not neces- 
sarily continuous, move with constant velocity, prove that its 
path will be a straight line, a circle, or straight lines alternating 
with arcs of circles. 
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. 48. In a central orbit the velocity of tlie foot of the iper- 
pendicnlar from the centre on the tangent yaries inversely aa the 
length of the chord of curvature through the centre of force. 

49. A point moves on the circumference of a circle ; prove 
that the angular velocity about all points in the circumference is 
the same. 

50. A body is describing an ellipse round a centre of force 
in one of the foci. Prove that the velocity of the point of inter- 
section of the perpendicular from that focus upon the tangent at 
any point of the orbit is inversely proportional to the square 
upon the conjugate diameter. 

51. A number of bodies describe different circles round 

the same centre of force varying as -^ , setting out together from 

the same radius vector ; find the curve in which they will be 
situated when one of them has completed a revolution. 

52. Find the time of revolution of a conical pendulum. 

53. A body describing an orbit about a central force equal to 
has, at the distance of 27 feet from the centre, a velo- 
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city of 15 miles per hour ; find the numerical value of fi(l) when 
a foot and a second are the units of space and time, (2) when a 
yard and a minute are the units. 

54. If the angular velocity about the centre of force varies 
as the linear velocity, find the orbit. 

55. ' Two equal circles are described in equal times under 
the action of forces to the centre and a point in the circumference 
respectively. Compare the absolute forces. 

56. A body moves in an ellipse with uniform velocity under 
the action of two central forces at the foci : shew that the forccH 
to the foci are always equal and vary inversely as the product 
of the focal distances. 

57. If in an ellipse the velocity varies as the diameter pa- 
rallel to the direction of motion directly and as the distance from 
the nu^or axis inversely, shew that the centre of force is in- 
finitely distant. 

58. T describes a circle yniformly about O; P describes 
another circle uniformly about T as centre in the same direction, 
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and their velocities are as CT : PT, Shew that P describes 9 
circle about C, and find the force on P tending to C 

59. T describes a circle unifonnly about C ; P describes 
another circle unifonnly about T as centre in the opposite direc* 
tion, and their velocities are as CT : PT, Shew that P describes 
an ellipse about C, and hence that an ellipse may be described 
by a force to the centre which varies as the distance. 

60. What is the acceleration of a point in the circumference 
of a circle which rotates uniformly while its centre describes 
a straight line? In what case would such a point describe a 
cycloid ? 

61. A parabola can be described by a body acted on by two 
forces, one a constant repulsive force to the focus, and the other 
a force inwards along the normal and varying inversely as the 
normal. 

62. If a perfectly elastic particle describing an equiangular 
spiral impinge upon a hard plane, prove that after impact it will 
describe an equiangular spiral. How must the plane be placed 
that it may describe a similar spiral t 

63. What impulse must be applied to a body moving in an 
equiangular spiral to make it proceed to describe a circle ? 

64. In an ellipse described about a centre of force at the 
centre the square of the velocity at the end of the equi-conjugate 
diameters is the arithmetic mean between the squares of the 
greatest and least velocities. 

65. Two bodies are describing equal and similar concentric 
ellipses under the action of a force tending to their centre, the 
axis-major of the one being at right angles to the axis-major of 
the other; determine the time that each is within the orbit of 
the other, and find its limiting value as the excentridty is inde- 
finitely diminished. 

66. In an eUipse described about a force to the centre, shew 
that the time in which any given area will be swept out by the 
radius vector is independent of the excentridty of the ellipse if 
the area of the ellipse be given. 

67. A partlde describes an ellipse about a centre of foroe 
in the centre. Prove that the angular velocity of the particle 
about a focus is inversdy proportional to the distance from that 
focus. 
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68. If a triAngle be insoribed in an ellipse to that its centre 
rf gravity coincides with the centre of the ellipse, prove that 
ihe yelodtiea of a particle describlDg the ellipse under the action 
>f a force to the centre when at the angular points A, B, O will 
be proportional to the opposite sides of the triangle, and also 
^hat the times from A U> B^ B Xo C, C io A will be equal to 
aach other. 

69. Two particles describe concentric, similar, and similarly 
ntuated ellipses under the action of the same force tending to 
^heir common centre ; shew that their centre of gravity moves 
in another concentric, similar and similarly situated ellipse, 

70. An ellipse is described by a body under a force to the 
centre. If the accelerating effect at the extremity of the axis- 
major is equal to that of gravity, and the period is a day, find 
the number of miles in the axis-minor. 

71. Two particles describe the same ellipse about the same 
force in the centre in the same periodic time: shew that their 
directions of motion at any time intersect on a similar ellipse. 

72. A particle is describing an ellipse about the centre, and 
when it arrives at one extremity of the minor-axis the centre of 
force is suddenly transferred to the other; find the orbit sub- 
sequently described. What is the excentricity of the ellipse if 
the new orbit is a circle t 

73. A body is describing an ellipse about a force to the 
centre; when at the extremity of an equi-con jugate diameter 
the direction of motion is suddenly changed the veloci^ reman- 
ing unaltered ; find the position of the axes of the new orbit, 
and the condition that it may be a circle. 

74. A body moves in a parabola about a* centre of force in 
the focus. If the velocity be diminished in the ratio of ,J2 : 1 
when the body is at the extremity of the latus rectum, find the 
position and axes of the new orbit. 

75. If any number of bodies describe parabolas about a 
common centre of force in the focus, the square of the time of 
passing from one extremity of the latus rectum to the other 
varies as the cube of the latus rectum. 

76. A body describes an ellipse about a centre of force in 
a focus ; prove that the velocity of the point of intersection of 
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the perpendicular from that focus upon the tangent at any point 
of the orbit varies inversely as tke square of the conjugate 
diameter. 

77. The ratio of the periodic times of two bodies revolving 
about two centres of force varying inversely as the square of the 

distance* is — , and the ratio of the mean distances of the bodies 
xo 

from the centres of force about which they respectively revolve 
is jzr^ ; compare the absolute forces at the two centres. 

78. If Vf v' be the velocities of a body desciibing an ellipse 
about a centre of force at one focus, at the extremities of any 
focal chord, and u that at the extremity of the latus rectum, 
then will v\ u^, i/^ be in arithmetical progression. 

79. The time of moving in an ellipse from P to D, the ex- 
tremities of equi-conjugate diameters, by a body acted on by a 
force to the focus, is one- fourth of the periodic time. 

80. In an ellipse about the focus S, the velocity may be 
resolved into two equal velocities perpendicular respectively to 
SP and HP, and each varying as HP, 

81. A particle describes an ellipse about a centre of force 
in one of the foci; if lines be drawn always parallel to the 
direction of motion at a distance from the centre of force pro- 
portional to the velocity of the particle, these lines will touch a 
similar ellipse. 

82. A particle moves in an ellipse about a centre of force 
in the focus S ; when the particle is at B, the extremity of the 
minor-axis, the centre of force is changed to R in SB, so that 
RB is one-fifth of SB, and the absolute force is diminished to 
one-eighth of its original value; shew that the periodic time is 
unaltered, and that the new minor*axis is two-fifths of the old. 

83. A body describes a hyperbola round a centre of force at 
the nearer focus. Find, when possible, the point in the orbit 
at which the angular velocities about the foci are in a given ratio, 
and state the limits between which the given ratio may vary. 

84. A body describes a hyperbola under the action of a 
force tending to one focus. Prove that the rate at which areas 
are described by the moving particle about the centre of the 
hyperbola, is inversely proportional to the distance of the par- 
ticle from the centre of force. 
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85. A body k movmg in a given hyperbola nndnr the .action 
of a foroe tending to the nearer fbons S ; when it arrives at a 
pomt P, the foree eaddenly beoomea repolsiye^ find the position 
and magnitude of the axes of the new orbit; shew that the dif- 
ference of the squares of the excentricities of the new and old 
orbits varies inversely as SP. 

86. A particle describing an ellipse about a force in the 
focus comes to the extremity of the nugor-axis nearer to the 
centre of force ; find in what ratio the absolute force must be 
then suddenly diminished so that the particle may proceed to 
describe a hyperbola whose excentricity is the reciprocal of that 
of the ellipse. 

87. Three tangents are drawn to a given orbit, described by 
a -particle under the action of a central force, one of them being 
parallel to the external bisector of the angle between the other 
two. If the velocity at the point of contact of this tangent be 
a mean proportional between those at the other two points, 
prove that the centre of force will lie on the circumference of a 
certain circle. 

88. A body describes a parabola under a force to the focus, 
and a straight line is drawn from the focus perpendicular to the 
tangent and proportional to the velocity ; prove that its extre- 
mity describes a circle. 

89. A perfectly elastic particle, describing a parabola about 
a centre of force in the focus and moving towards the vertex, 
impinges on a fixed plane passing through the latus rectum and 
perpendicular to the plane of the parabola ; determine its sub- 
sequent motion. 

90. A body moves in a parabola about a centre of force in 
the vertex ; shew that the time of moving from any point to the 
vertex varies as the cube of the distance of the point from the 
axis of the parabola. 

91. Two particles describe the same ellipse about a centre 
of force in one of the foci, starting simultaneously from opposite 
extremities of the transverse axis. When will they be moving 
with equal velocities ? 

92. Two bodies describe the same ellipse, one about a focun, 
the other about the centre ; the forces are such that at the point 
where they are equal the velocities are also equal ; prove that 
the periods are as l±e : 1. 
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93. When a body arrives at P in an ellipse about the focus 
Sf the centre of force is suddenly transferred to the other focus, 
and the same orbit is described ; shew that, if X, X' are the absolute 
forces, X : X'=iSP» : *S'P». 

94. A particle is describing an ellipse about the focus; 
when it comes to the extremity of the conjugate axis, the abso- 
lute force is diminished by ooe-tbird. Determine the position 
and dimensions of the new orbit, and prove that the distance 
between its focus and its centre is bisected by the conjugate axis 
of the original orbit. 

95. If a body be moving in an ellipse under the action of a 

force = -J } and if at any point the velocity F and the absolute 

force /i be increased by very small increments such that the ratio 
of the increment of F to F is half that of the increment of /k 
to /Li, shew that the orbit will remain unaltered, but the periodic 
time will be changed. 
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W. H. Brown. Sro. 14s. 

Theocritos. In English Verse, by C. S. Calverley, M.A. Crown 

8vo. \lifevo Editivn, Preparing. 

Translations into EngUsh and Latin. By C. S. Calverley, M.A. 
Post Sto. 7s. 6d. 

By R. C. Jebb, M.A. ; H. Jackson, M.A., and W. E. Currey, 

M.A. Grown Svo. 8s. 

into Greek and Latin Verse. By B. C. Jebb. 4to. doth 



gat. 10s. 6d. 
Between Whiles. Translations by B. H. Kenxi^^cj, Cjxqwcl^^q. ^*- 
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REFERENCE VOLUMES. 

■ A Iiatln QrammaT, By Albert QaikDese. Post 8vo, G<. 

— BjT.H. Key, M.A. Gth Thoufland. Post 8to. 8«. 

A Sbort Latin Qrammar for Schools. By T. H. Key, M.j 

F.R.B. Utli Edition. PoatS.D. in, 6[l. 

A Quids to tbe Otaoloe of ClaBsioal Books. By J. B. Mayor, M. 

BevisBd BdltloD. OrownSio. St. 
Tbe Theatre of ths QreekB. By J. W. Bornddson, DJ). i 

EdlliDo. PoBt9m. St. 
Selghtley'a Mythology of Oreece and Italy. 4th Edition, i 
A DlotionEtiT of Lst^ and areek Quotstioiu. By H. T. Bile 

A History of Boman LfterEiturG. By W. 8. TenfTel, FroteBsor 

theUnlTOTBitrotTOhmKen, By W. Wagner, Fh-D. 2rol8.D8mjr- 
(Itudent's Quids to the ITnivsrBlty of Cambridge. 4th Editi 



f CLASSICAL TABLES. 

latOa. AoddenoB. By the Kev. P. Frost, M.A. Is. 
Idtln VerBl&catlon. 1<. 

Notabilia Qiuedam ; or the Prindpal TenEes of mo«t of f 
Irre^lAr Gr^ek Tut^s imil Blsideutary Oreek, LntiD, luuL Froneh Ol 

BiohmoDd Kales for the Ovldlan DlsUch, Ac. By J. Ta 
U.A. 1>. 

■The Principles of Latin Syntax. Is. 

Qreek Verbs. ACalalogneof Yerbs, IrraguJatBcdDefeotiTe; tb 
Jeadin^ tonDatioDK, ttiTueH, nadiDaQiion^ with Purnii^iB for oonjiwatt 
Buloa tor Igmatigu of tnoaoa, ftc 4o. Bj }. 8. Bnird, T.OJ). 3*. Si. . 

Qiesk Accenta (Motus on). By A. Bsjry, DJD. New Edition. : 

Homeric Dialect Its Leading Forms and Pemiliftrities. By J. 
■ Bsirrl, T.O.D. New edition, hy W. O. Rntlmrtord. li. 

L Greek Aocldenoa. By the Ret. P. Frost. M.A. Hbw Edition. I 



CAMBRIDGE MATHEMATICAL SERIES. 

WhitwortbH CboioB and Chance. 3rd Edition. Crown 8to. 
UcDowell'a Exercises on Euclid and In Modem 

Vyvyan'a Trigonometry. Sfwed. 

Taylor's Geometry of Conies. Elcmentury. Srd Edition. 4». 

Aldls'fl Solid Geometry. Hrd Edition. (Is. 

Qaratett'a Elementsj? Dynamics. Sad Editioii. &«. 

Heat, an Elementary TreaUae. 2ud Edition, it. (H, 

W»lton'B Elementary Mechanics (Prolilfiti." in). 3nrt Edition. 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 

UniversitieSt Schools^ and Candidates for the Public 

Examinations, Fcap. Qvo, 

Arithmetio. By Bev. C. Elsee, M.A. Fcap. 8yo. 10th Edit. 35. G J. 

Mgebra. By the Bev. G. Elsee, M.A. 6th Edit. 4s, 

Arithmetio. By A. Wrigley, M.A. Bs, 6<2. 

A Progressive Course of Examples. With Answers. By 

J. Watson, M.A 5tli Edition. 28. 6d. 

AlgcDra. Progressive Course of Examples. By Bev. W. F. 
M*Michael,M.A,andB.ProwdeSmith, M.A. 2nd Edition. 38.6d. With 
Answers. 48. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, M.A. 
4th Edition. 48. 

Ck>nio Sections treated Geometrically. By W. H. Besant, M.A. 
4th Edition. 48. 6d. 

Elementary Conic Sections treated Geometrically. By W. H. 

Besant, M.A. [In tlie Press. 

Statics, Elementary. By Bev. H. Goodwin, D.D. 2nd Edit. 3^. 

Hydrostatics, Elementary. By W. H. Besant, M.A. 10th Edit. 4«. 

bCensuration, An Elementaiy Treatise on. By B. T. Moore, M.A. G^. 

Newton's Frincipia, The First Three Sections of, with an Appen- 
diz ; and the Ninth and Eleventh Sections. By J. II. Evans, M.A. 5th 
Edition* by P. T. Main, M.A. 48. 

Trigonomptiry, Elementary. By T. P. Hudson, M.A. Ss. Qd, 

Optics, Geometrical. With Answers. By W. S. Aldis, M.A. 3;?. Gd. 

Analytical Geometry for Schools. By T. G. Vyvyan. 3rd Edit. 4s. (jd. 

Greek Testament, Companion to the. By A. C. Barrett, A.M. 
4th Edition, revised. Fcap. 8vo. 58. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the. By W. G. Hnmphry, B.D. 6th Edition. Fcap. 8vo. 48. 6d. 

Music, Text-book of. By H. C. Banister. 9th Edit, revised. 6s. 

Concise History of. By Bev. H. G. Bonavia Hunt, B. Mus. 

Oxon. 5th Edition revised. Sa. 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series. 



GEOMETRY AND EUCLID. 

Tezi-Book of Geometry. By T. S. Aldis, M.A. Small 8vo. 
4fc6d. Parti. 2a. 6d. Part H. 2$. 

The Elements of EucUd. By H. J. Hose. Fcap. 8vo. 4s. QiL 
Bxeroiaes separately, Is. 

The First Six Books, with Commentary by Dr. Lardner. 

10th Edition. 8vo. 6s. 

The First Two Books explained to Beginners. B^ G .^ , 



Maaon, B.A. 2nd Edition. Fcap 8vo. 28. 6d. 
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The EnunoiaUong and Figures to Suolid'a EUements. By B 
J. Braese, D,D. Nc^Bdition. iMp.Bvo. U. On Onrda, in cmm. S«. 
Witliout tba FipipOB, 6i. 

S^xBTolaeB on Euclid and in Modem Qaometry. B; J. MoDoira 

B.A. Orown 870. 3r.l Edition revised, ea. ^^m 

Geometrioal Conio BeotioTia, By W. H. Beaant, M.A. -Ith Ed 

Elementary Geometiioal ConIo SecUons. By W. H. Beam 
[Jnlf..Pr 
■J C. Taylor, M.A. 3rd M 

I An IntroduQtioQ to Ancient and Modern Qeonietry of 

I By C. Tailor. M.A. tfvo. 15», 

l,SDliitIanB of GeometrloEil Prolilein*, proposed at St. Jolui 

r „_., — . -—T to 1846. By T. Gnskiii, M.A. Sio, !&. 

TRIGONOMETRY. 

Introduction to riniie. By HcT. T. G. Vyyya; 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

As IntroduoUon to Analytioal Plane Qeometry. By W, 

Tnnibnll, M.i. Svo. 123. 
Frobleme on the Frinolples of Plane Oo-ordlnate Oeomefe 

BjW. Wiltou. M.A. Svo. IBs. 
Trllinear Co-ordinateB, and Modam AnalyHoal GooniBtrj i 

Two Dimcosionii, By W. A. Wbitwortb, M.A. 8vo. Itt. 
An Elementary Treatise on Solid Geometry. By W. S. AJdi 

U-A. anaBaitionraviBcd, Hvo. 8i. 
Blementary TreatiBe on Uis Dlfierential Caloulua. By I 

O'Bi'ion, M.A. Bvo. lOj. Od. 
ElllpUo Functions, Elementary Treatise on. By A, Cayley, Mj 
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MECHANICS & NATURAL PHILOSOPHY. 

Btatioa, Elementary. By H. Goodwin, U.D. Fcap. Bto, 3i 

Edition. 3i. 
Dynamics, A Treatise on Elemental?. By 'W. Qametti U. 

Znd Bdition. Oroi™ Sso. fli. 
Elementary MeolianioB. Problems in. By 'W. Walton, U.A. tti 

By vr. Walton. Bad Ed 
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Hydrostatics. B7W.H.BeBant,M.A. Foap..8yo. 10th Edition. 4«. 

Hydromechaziios, A Treatise on. By W. H. Besant, M.A. Svo. 
New Edition reviaed. 10s. 6d. 

Dynamics of a Partidei A Treatise on the. By W. H. Besant, M.A. 

Optics, GeometricaL By W. S. Aldis, M.A. Fcap. Svo. 8«. Bd. 

Doable Befiraotion, A Chapter on Fresnel's Theory of. By W. S. 
Aldifl,H.A. 8yo. 2s. 

Heat, An Elementary Treatise on. By W. Gamett, M.A. Crown 
8to. 2nd Edition revised. Ss. 6(L 

Newton's Frinoipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.iu 5th 
Edition. Edited by P. T. Main, M.A. 48. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 

Fcap. Svo. doth. 4s. 

Astronomy, Practical and SphericaL By B. Main, M.A. 8vo. 14^. 

Astronomy, Elementary Chapters on, from the * Astronomic 
Physiqae' of Biot. By H. Goodwin, D.D. Svo. 3s. Od. 

Pure Mathematics and Natural Philosophy, A Compendium of 

i^usts and Formnlsa in. By 0-. B. SmaUey. Fcap. Svo. 3«. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. Svo. 168. 

Problems and Examples, adapted to the * Elementary Course of 
Mathema^cs.' 3rd Edition. Svo. 58. 

Solutions of Goodwin's Collection of Problems and Examples. 

By W. W. Hntt, M.A. 3rd Edition, revised and enlarged. Svo. 9ts. 

Pure Mathematics, Elementary Examples in. By J. Taylor. 8yo. 
78. 6d. 

Mechanics of Construction. With numerous Examples. By 
S. Fenwick, F.B.A.S. Svo. 128. 

Pure and Applied Calculation, Notes on the Principles of. By 
Bev. J. Ohallis, M.A. Demy Svo. 15s. 

Physics, The Mathematical Principle of. By Bev. J. Challis, M.A. 
Demy Svo. 5s. 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. Trueman Wood, Secretary of the 
Society of .Arts. 

1. Dyeing and Tissue Printing. By W. Crookes, F.R.S. 

[In the press. 

2. Iron and Steel. By Prof. A. K. Huntington, of King's College. 

[^Preparing. 

B. Cotton Manufacture. By Bichard Marsden, Esq., of Man- 
chester. [Preparing. 

4. Telegraphs and Telephones. By W. H. Preece, F.R.S. 

[Pveparing, 

5. Glass Manufacture. By Henry Chance, M.A. ; H. Powell, B.A. ; 

and John Hopkinsou, M.A., LL.D., F.B.S. 
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HISTORY, TOPOGRAPHY, &c. 

Borne and the Oampagua. 



Modem Europe. By Dr. T. H. Dyer, and Edition, revised a: 

eoiilirmd. 5»ol». Demj 8vd. 21. IKi. M. 
TheHlatoryof the KlngaofHome. By Dr. T. H. Dyer. Bva.lOt. 



Anoient Athena: its Histor;, Topograph;, and Bemaina. 
T. H. Dyer. Stipur-roTal 8to. Olotb. II. &. 

The Deallne of the Roman Bepublla. By G. I/osg. 6 re 



IBi. Vol. U. 14«. 

Historiool Mapa of England. B; G. H. PeSFSon. Folio. S: 
History of Ensland, 1800-lS, B;' Hturict Mortinean, ^tli D 

nnfl copione IiulDi. lYol. is.Bd. 

History of tha Thirty Tears' Peaoe, 1815-46. By Harriet U 

tlnmu. ^Tole. 39. 6d. each. 
A Praotloal Synopsis of English History. By A. Bowob, i 

EiUtioo. 8vo. 2i. 
Student's Text-Book of English and General BMorj. ', 

D. Boalfl. Crown 8vo. 2s. M. 

Iiives of the <; 

Eaition, 8 TOli 
Edition, 1 vol. 
Iglnhard 

Outlines of Indian History. By A. W, Haghes. Small ] 

Svo. Ss. BrI. 

The Elements of Qenerol History. By Prof. Tytler. N(r 



21 MapB. By W. Hoj 
periolSvo. I2t.ei. 
A arammar-Sohoal Atlas of Classioal Geography. Ten W 

soleotfld Iroin tho aliovo. How Edition. Imporial Svo. St 
J2r»( OlflMloal Maps. By the Bev. J. Tato, M.A. 3rd EditH 
ImporU 8yo. 7s. Sd. 

fl'iajjdaniUbraryAUaBofClaaaloaiaeo^i:';.?""!- ■Vtn^.^-isiA*,* 
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PHILOLOGY. 



f WEBSTISB'S DICnOKABY OF THE ENGLISH LAN^ 
OUAOE. With Dr. Ifahn's Etymologr. 1 rol., 1628 P.-ietim. ::(m»j lllu.. 
tntums. 8U. With Appendices ana 70 additional pii^'c^ of lUuittr.i 
tionB, 1919 Pages, 31j. 6d. 

'ThX KHTPKACnCAXBveXJBH DiCTXOMAET IZTAHT.'— <)lUlWrrly EcvitMC, 187'). 

Pioepectnses, with specimen pages, post free on application. 

New Diotlonary of the English Language. Combiniug Explan- 
ation with B^mology, and copionsly illustrated hj Quotations from tlic 
best Authorities. "Bj ut. Biohardson. New Edition, with a Supplement. 
2 Tols. 4to. 41. lis. 6a.; half mssia, 51. 15ii. 6d.; mssia, 61. \2n. Supplomont 
separately. 4to. 128. 

AnSvo. Edit, without the Quotations, 156.; half russia, 20^.; russin, 3-U. 

Supplementary English Glossary. Containing 12.000 woi-ils and 

meanings occurring in Englii*h Litonituro, not found in any nthor 
Dictionary. By T. L. O. DaTica. Demy 8v<>. lOt*. 

Dictionary of Corrupted Words. By llev. A. S. Palmer, [/n f ;«• ;)..*>.. 

Brief History of the English Language. By Prof. James lladlcy. 
LL.D., Yale College. Fcap. Sro. L*. 

The Elements of the English Language. By E. Adams, Ph.D. 
15th Edition. PostSvo. 48. 6d. 

Philological Essays. By T. H. Key, M.A., F.B.S. 8yo. 10<. Gd. 
Language, its Origin and Development. By T. H. Key, M.A., 

F.B.S. 8yo. 14s. 

Synonyms and Antonyms of the English Language. By Arch- 
deaoon Smith. 2nd Edition. Poet Sro. 58. 

Synonyms Discriminated. By Archdeacon Smith. DemySvo. 16;$. 

Bible English. By T. L. O. Davics. 5.". 

The Queen's English. A Manual of Idiom and Usage. By tliL* 
late Dean Alford. 5th Edition. Fcap. 8vo. 58. 

Etymological Glossary of nearly 2500 English Words de- 
rived from the Greek. By the Ber. E. J. Boyco. Fcap. 8vo. 3.«. Qdi. 

A Syriao Grammar. By G. Phillips, D.D. 3rd Edition, enlarged. 
Sto. 7s. 6d. 

A Grammar of the Arabic Language. By Bev. W. J. Beau- 
mont, H.A. 12mo. 78. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Kovnm Testamentum Gnecum, Teztus Steplianici, 1550. By 
P. H. Scrivener, A.M., LL.D. New Edition. 16mo. 4s. 6d. AL^o on 
Writing Paper, with Wide Margin. Half -bound. 12s. 

By the same Author, 

Oodex Bez8B CantabrigienBis. 4to. 26«. 

A Full Collation of the Codex Sinaiticus with tbo Beceived Text 
of the New Testament, with Critical Introduction. 2nd Edition, rcvisod. 
Peap. 8vo. 5s. 

A Plain Introduction to the Criticism of the New Testament 

"With Forty Facsimiles from Ancient ManuBCXvp^ia. ^Ti^^^\NA<2>^. '^^'2>« '*^'*^- 

Six Leotarea on the Text of the New T^aX^amBiiX.. ^cst^w';^^«>^ 

Readers. Crown Sro. Bs, 



George Bell and Sotui' 
lbs New Testament for Engliflh Raadera. By the late H. Alia 



Abridged for Sohools. Srd EditioD. Grown 8to. lOi. 

aiatory of tlie AitkOsB of Religion. By C, H. Hordwiok. 1 

BAltiun. PostSYO. U, 
History of the Creeds. By J. B. Lmnbj, D.D. 2nd Editi 

Crowns™. 7..&t 
Pearson on the Creed. Csiefnlly printed from an early 

With AnEilyala and InOD.bjE.Wjaford.lI.A. PortSin. 5.. 
An Hlfltorloal and BxploiULtory Treatise on the Book 

ODmnioB Prajar. By Be.. W. G. Uamphir. B.D. nth Edition, oalMj 

SnjiJl pout 8ro, Is. 6(1. 
7he New Table of Lessons Explained. BjHev.W. Q.Hmnph 

E.D. Fcip. ItM. 
A Commentary 

DajH of tho Chi 

3 vein. Svo. his. 
Commentary □ 

DavaofthoCt 

aapamtilj. 
Cosunentaiy on the Acta. By Kev. W. Denton, A.M. 

Svo. ISs. Vol. tl. lU. 
Notes on the Cateohiam. Ey Bey. A. Barry, DJ). Ht: 



Elzamiiiation Papers on Bsligious Instruotlon. By Gev. G, 

Bojoo. Sowed. Is. Bri. 
Church Teaohine for the Churoh's Children. An Eipositi 

o! tho Oatoobisia. By tliQ Hev. F. W. Hiupor. Bq. fiaip. 2j. 
The "Winton Church Cateohist. Questions and AnHwors on I 
ToHchiun ol thu Qburoh CiktechiBm. By tho \ma Bot, J. S. B, Mtuw 
LL.D, 3ni Edition. Cloth, St.-, or in Four Parta, aewml. 
The Church Teacher's Manual of Christian Instruotloa. ] 
KoT. ». P. Sadler. 31rt Thousand. 2a, «d. 
^L Siiort Explanation of the SplaUes and Ghispels of the Chil 
^B tinn Tsar, with Qnoatlonji. Royal Simo. Ss. Bd.; isU, 4>. ed. 
^VlButler'B Analogy of Religion; wltii Introduction and Index 
^B Bar. Dr. Steers. New Edition. Fisp. 3i. 6J. 

^B Three Sermons on Human Nature, and DiBsertation ' 

^H Yirtno. By W. WhewBlI, D.D, ithttditlsD. Fcap. Gn. SkM. 
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Leetnres on the History of Moral Philosophy in England. By 
W. Whewell, D.D. Crown 8vo. 88. 

Kent's Commentary on International Iiaw. By J. T. Abdy, 

LI1.D. New and Cheap Edition. Crown 8vo. lOn. 6d. 

A Manual of the Roman Civil Law. By G. Leapingwell, LL.D. 

Svo. 128. 



FOREIGN CLASSICS. 

A series for use in Schools, with English Notes, grammatical and 
explanatory, and renderings of difficult idiomatic expressions. 

Fcap. Bvo. 

Etohiller's Wallenstein. By Dr. A. Bachheim. 3rd Edit. 6«. 6d. 
Or the Lager and Piocolomini, 3s. 6d. Wallenstein's Tod, 38. 6d. 

Maid of Orleans. By Dr. W. Wagner. 3«. 6d. 

Maria Stuart By Y. Eastner. 8s. 

Gk>ethe's Hermann and Dorothea. By E. Bell, M.A., and 

B.W61feL 28. 6d. 

Gterman BsOIads, from Uhland, Goethe, and Schiller. By 0. L. 

Bielefdd. 3rd Edition. Ss. 6d. 
Oharles XTT., par Voltaire. By L. Direy. 4th Edition. Bs. 6d. 

^.ventures de T^ltoiaque, par F6n61on. By C. J. Delille. 2nd 

Edition. 4s. 6d. 

Select Fables of La Fontaine. By F. E. A. Q&ac. 14th Edition. 3j. 
Plooiola, by X.B. Saintine. By Dr.Dnbnc. 11th Thousand. 3s, 6 J. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Yocabnlary, giving the Pro- 

nxmciation. By W. Brebner. Post Sro. 48. 
EVench Grammar for Public Schools. By Bey. A. C. Clapin, M.A. 

Foap. 8yo. 8th Edit. 2s. 6d. 

EYench Primer. By Rev. A. C. Clapin, M.A. Fcap. Svo. 4th Edit. 

Is. 

Primer of French Philology. By Rev. A. 0. Clapin. Fcap. Svo. Is. 

CiC Nouveau Tr6sor; or, French Student's Companion. By 
H. B. S. 16th Edition. Fcap. 8to. Ss. 6d. 

F. E. A. GASC'S FRENCH COURSE. 
First French Book. Fcap Svo. 76th Thousand. Is. 6d. 
Second French Book. 37th Thousand. Fcap. Svo. 2s. 6(2. 
Key to First and Second French Books. Fcap. Svo. Bs. 6d. 
B*rench Fables for Beginners, in Prose, with Index. 14th Thousand. 

12mo. 28. 

Select Fables of La Fontaine. New Edition. Fcap. Svo. Bs. 
aistoires Amusantes et Instruotlves. VTitYi'^^X.e?^. ^Ai^''^^^^^- 

sand. Fcap. Svo. 2s. 6d. 



■roUoal Ouida to Uodem Freooh ConvsnaUon. l^ch Th<M 
-^uA. r™p. Sto. 2i.6i. 
renob Poelr; for the Yoime. With Notes. Ith Edition. Fuq 



rosatauTfl ContemporainB. Witb Notee. 8vo. Cth Editinii 
ro-ired, 5s. 
I^ Petit 'Compagnon; a French Talk-Book for Little Oluldreii. 



GOMBEKT'S FEENCH DRAMA. 

leing a Selection of the beet Tragedies and Comedies of Uoli 

1Uciiie» OomeiUo. and Toltaire. With Anrum^ntd uid NoUq V 

Otmheet. Sen Edition, rertied by F, E. A. Qoec. Fcap. Bra. li. s 

"''•«.<». CO»TK«B. 

Moliiek:— Lo Uinnthnipe. L'Avaro. Lo BoDig«^ QontUhaiiime. 
TutaSe. Ln Haliids Imaginsirn. Lee Foinmea Bnnkotcd. Lss Fonriia 
da ScH]^ Les FrMsium Bjdkmlea. L'Eools d« Feaj — I'li—i- 
Varid. Le U^dfioin nudffr^ Lai. 

&icii» c— Fhidre. Either. Atbollii. Ipliig^aie. Lt 

TbJbBlds ; or, Los TrAni EDDcmln. Aodromiuiag. BrliAanlaua. 
F. OouHBiu-i:— LoOld. HonuM. Clnna. Polfcncte. 



GERMAN CLASS-BOOKS. 

KateriaJs for OermaD Prose Compoaltlon. By Dr Bnohhe 

7tli Edition Fiaip. it. ltd. K07, 3i. 
A German Grammar for Public Boliools. By the Kev. A. 

OlipinaiidF-HoU Manor. Snd Edition. Foop. Sj, Gi 
PSotzebue'a Der Garangane. WitliNotesby Dr. W. Stromberg. 



I ENGLISH CLASS-BOOKS. 

A Brief History of the English Language, Bj Prof. Jrta. 

I.I.,D„ n( Ylls OoUi^se. Rip, »,,.. 1h. 

The Elements of the English Language. By E. Aditms, I 
IBtli EditioD. Post 810. *«. «J. 

■ and Analyaia. 

By C. P. MiBOH, Fellow of Uiiiv. Cull. London. 
rst NotiouB of Gramraftr tot "^ouog T.«ttnEia. 200:5. 8« 
30tb Tioaijuid. Otath. 8d. ' 

J2rai Steps in Engliali Grammar to lno™: Cvianfea. twas 
18ao. Sow EatioD. \r. 
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Outlines of English Grammar for the use of Junior Classes. 

26th Thousand. CrewnSvo. 2*. 

English Grammar, including the Principles of Grammatical 
Analysis. 24th Edition. 77th Thousand. Crown 8vo. 3«. 6d. 

A Shorter English Grammar, with copious Exercises. 8th Thou- 
sand. Crown Svo. 3s. 6d. 

English Grammar Fraotioe, being the Exercises separately. Is, 

Edited for Middle-Class Examinations. 

With Notes on the Analysis and Parsing, and Explanatory Remarks. 

Milton's Paradise Lost, Book I. With Life. 3rd Edit. Post 8vo. 

28 

Book n. With Life. 2nd Edit. Post Svo. 2s, 

Book in. With Life. Post Svo. 2s, 

Goldsmith's Deserted Village. With Life. Post Svo. 1«. M, 
Cowper's Task, Book n. With Life. Post Svo. 2s. 
Thomson's Spring. With Life. Post Svo. 2s. 
Winter. With Life. Post Svo. 2s, 



Praotioal Hints on Teaching. By Bev. J. Menet, M.A. 5th Edit. 

€rown Svo. cloth, 2s. 6d. ; paper, 28. 
Test Lessons in Dictation. 2nd Edition. Paper cover, Is. 6^. 
Questions for Examinations in English Literature. By Rev. 

W. W. Skeat, Prof, of Anglo-Saxon at Cambridge University. 28. 6d. 

Drawing Copies. By P. H. Delamotte. Oblong Svo. 12». Sold 

also in parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. Svo. Is, %d. 

Geographical Text-Book ; a Practical Geography. By M. E. S. 

12mo. 2». 

The Blank Maps done up separately, 4to. 28. coloured. 

Loudon's (Mrs.) Entertaining Naturalist New Edition. Revised 

by W. 8. Dallas, F.L.S. ^. 

Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Fcap. 2s. 6d. 

The Botanist's Pocket-Book. With a copious Lidex. By W. R. 
Hayward. 3rd Edit, revised. Crown Svo. Cloth Hmp. 4s. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stockhardt. 
By C. W. Heaton. Post Svo. 58. 

Double Entry Elucidated. By B. W. Foster. 12th Edit. 4lo. 

38. 6d. 

A New Manual of Book-keeping. By P. CrelUn.^ A^swspoasSsKxik, 

Crown Svo. 3s. 6d. 
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nature Sobool-BookB. In Simple Iiangtmge, with i^iunan 
DloBtrBtioiu. IttJTal ISmo. 

Boluwl Priinor. ftt— Soliool Bosdec. By J. Tillwri. li— Poetry B. 
for BobpnlB. li.—TbB IMe of JoeepL. If.—Tlie Scripture Parable. Br i 
Eer. J. B. Clarke. U— Tbo ScriptarB Minujla*. Bj the Buy. J. E. OM 
11— Tlia Sev TnlatdBiit Uiitary. Br the Rer. J. Q. Wood, H.A. It.— 1 
OW Testament History. By tbs Boi. J. a. Wooi M.A. !«.— The StoiJ 
Bnnjan'i Pilgrim's Proeress. Is.— The Life ot Chrirtoplier Oqlnnibns, 
Bitrah Crompton. li.— Tbs Life of Marthi Lnllior. By anrab Oromp 
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BOOKS FOR YOUNG READERS. 

In S vols. Limp oloth, 6(1. each. 

The Out and the Hen ; Earn ami his Dog Rud-leg ; Bob and Von. 

Wreck The Now-bero Lamb ; Roaowood Boi : Poor Fan: Wiae Doe -1 

Three Monkeys Storj of a Cat . told by Herself. The Blind Boy; Tbo Hi 

Girli A New Tain of Babes in a Wooa The Deysnd the Knight i The S 

Bank-notfl r Tbe Bojal Visit ; A King's Wslk an a Winter's Day Qi ~ 

and Bnty Ben (Mi's Crag, a Story of tho aeo. 

Firflt Book of Geography. By C. A. .TolinR. U. 

BELL'S READING-BOOKS. 

FOB BCHOOLS AND PABDOHIAL LIBRABIE 

The popnlari^ wbiob the * Books for Yonng Beoders ' have attained 

a BolBoiBnt proof that tBacbBts and pnpils alike appvoTH ot tbo nse of iaf" 

*0ftdiiE itories, vrith a simple plot in place of the dry oamblmtion oflettem 
^yUabloB, making no impression on the mind, of vhieh elementary readi 
tooks generaUy consiiit. 
The pDbliiberg have therefore thonght it advisable to eitend tho appllcat 
of tbie principle to booka adaptod for more advajioed ruders. 
Nour Heady. Pott &iio. Stranfly bowut 
Masterman Ready. By CBplaio Manjat, B.N. 1*. GJ. 
The Setflara in Canada. By Capttun Marryat. R.N. U. 6d. 
Parables from Nature. (Seleutod.) By Mra. Gaily. U. 
Friends In Pur and FeaUiera. By (rwynfryn. 1«. 
Bobinson Crusoe. Is. 6d. 

AndBraen'B Danish Tales. (Selecled.) By E. Bell, M.A. U. 
Southey's Life orNelaou. (Abridged.) Is. 
arimm'a Qenaan Tales, (aaleoted.) By B. Bell, M.A. U. 
Life ot the Duke of WoUington, with Maps and Plane, la. 
Uaris; or, GUmpsea of Life in France. By A. It. Ellis. Is. 
Poetry for Boys. By D. Munro, Ix. 
^^ Bdgewortha Tales ; a Selection. Is. 
^^L Qreat Engliakuen ; Short Lives foe Young Children. U. 
^^H Otheri in Preparation. 
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